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J, , Abstract. We give a simple sufficient condition for Quinn's 

Qh' "bordism-type" spectra to be weakly equivalent to commutative 

■^r , symmetric ring spectra. We also show that the symmetric sig- 

nature is (up to weak equivalence) a monoidal transformation 
between symmetric monoidal functors, which implies that the 
SuUivan-Ranicki orientation of topological bundles is represented 
by a ring map between commutative symmetric ring spectra. In 
the course of proving these statements we give a new description 
of symmetric L theory which may be of independent interest. 
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1. Introduction 



In |Qui95| , Frank Quinn gave a general machine for constructing 
K^ ■ spectra from "bordism-type theories." In our paper [LMj we gave ax- 

ioms for a structure we call an ad theory and showed that when these 
t^ I axioms are satisfied (as they are for all of the standard examples) the 

"^ ' Quinn machine can be improved to give a symmetric spectrum M. We 

^ ■ also showed that when the ad theory is multiplicative (that is, when its 

^^ . "target category" is graded monoidal) the symmetric spectrum M is a 

symmetric ring spectrum. Finally, we showed that there are monoidal 
functors to the category of symmetric spectra which represent Poincare 
'^> ■ bordism over Bit (considered as a functor of vr) and symmetric L-theory 

^ '. (considered as a functor of a ring R with involution). 

In this paper we consider commutativity properties. The reader does 
not need to have a thorough knowledge of our previous paper; the only 
sections that are relevant are 3, 6, 7, 9, 10, 17, 18 and 19, and only the 
definitions and the statements of the results (not the proofs) are used 
in the present paper. 

A "commutative ad theory" is (essentially) an ad theory whose target 
category is graded symmetric monoidal (the precise definition is given 
in Section [3]). Our first main result is 
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Theorem 1.1. Let M be the symmetric ring spectrum associated to a 
commutative ad theory. There is a commutative symmetric ring spec- 
trum M'^"™™ which is weakly equivalent in the category of symmetric 
ring spectra to M. 

The proof gives a specific chain of weak equivalences (of length 2) 
between M and M™'^"'. 

In particular, Theorem 11.11 shows that the L-theory spectrum of a 
commutative ring can be realized as a commutative symmetric ring 
spectrumlJ 

For the ad theory adsTop of oriented topological bordism ( |LMt Sec- 
tion 6]), we showed in |LMt Section 17 and Appendix B] that the 
underlying spectrum of MsTop is weakly equivalent to the usual Thom 
spectrum MSTop. It is well-known that MSTop is a commutative 
symmetric ring spectrum, and we have 

Theorem 1.2. (MsTop)'^°™™ one? MSTop are weakly equivalent in the 
category of commutative symmetric ring spectra. 

The proof gives a specific chain of weak equivalences between them. 

We also prove a multiplicative property of the symmetric signature. 
The symmetric signature is a basic tool in surgery theory. In its sim- 
plest form, it assigns to an oriented Poincare complex X an element of 
the symmetric L-theory of 7ri(X); this element determines the surgery 
obstruction up to 8-torsion. Ranicki proved that the symmetric signa- 
ture of a Cartesian product is the product of the symmetric signatures 
( [RanSObt Proposition 8.1(i)]). The symmetric signature gives a map of 
spectra from Poincare bordism to L-theory ( |KMM[ Proposition 7.10]), 
and we showed in |LMj that it gives a map of symmetric spectra. In or- 
der to investigate the multiplicativity of this map, we give a new (but 
equivalent) description of the L-spectrum, using "relaxed" algebraic 
Poincare complexes (the relation between these and the usual algebraic 
Poincare complexes is similar to the relation between P-spaces and E^o 
spaces). For a ring with involution R there is an ad theory ad;,gi, and 
the associated spectrum M^j is equivalent to the usual L-spectrum. 
The symmetric signature gives a map Sig^gj from the Poincare bordism 
spectrum (which we denote by Me,*,i; see [LMl Section 7]) to M^j. 
We prove that this map is weakly equivalent to a ring map between 
commutative symmetric ring spectra: 



Lurie |Lur] has explained another way to prove that the L-theory spectrum of a 
commutative ring can be reahzed as a commutative symmetric ring spectrum. The 
method used in |Lur] does not include other examples we consider such as Poincare 
bordism and (in |BLM| ) Witt bordism. 
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Theorem 1.3. There are symmetric ring spectra A and B, commuta- 
tive symmetric ring spectra C and D, and a commutative diagram 




in which the horizontal arrows and the right vertical arrow are ring 
maps and the horizontal arrows are weak equivalences. 

In fact C is (Me,,,i)™™"^, and D is weakly equivalent to {Mf^^Y°'^"' 
in the category of commutative symmetric ring spectra (see Remark 

As far as we are aware, there is no previous result in the literature 
showing multiplicativity of the symmetric signature at the spectrum 
level. 

In Section [18] we prove a stronger statement, that up to weak equiv- 
alence the symmetric signature is a monoidal transformation between 
symmetric monoidal functors. In |BLMj we will prove the analogous 
statement about the symmetric signature for Witt bordism, using the 
methods of the present paper. 

Remark 1.4. The Sullivan-Ranicki orientation ioi topological bundles 
r [Mn5] . |MM79] . |R,an92[ Remark 16.3], |KMM[ Section 13.5]) is the 
following composite in the homotopy category of spectra 

MSTop ~ QsTop ^ L^, 

where QsTop denotes the Quinn spectrum of oriented topological bor- 
dism (which was shown to be equivalent to MSTop in |LMl Appendix 
B]). Combining Theorems ll.3l and ll.2l shows that the Sullivan-Ranicki 
orientation is represented by a ring map of commutative symmetric 
ring spectra. 

Here is an outline of the paper. In Sections [2] and [3] we give the def- 
inition of commutative ad theory. The proof of Theorem 11.11 occupies 
Sections HHTOl We begin in Sections [Hand [5] by giving a multisemisim- 
plicial analogue SiSss of the category of symmetric spectra. We observe 
that an ad theory gives rise to an object R of SiSgg whose realization 
is the symmetric spectrum M mentioned above. Section E] explains 
the key idea of the proof, which is to interpolate between the various 
permutations of the multiplication map by allowing a different order 
of multiplication for each cell. In Sections [7] and [8] we use this idea to 
create a monad in the category S5ss which acts on R, and in Section 
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[TOl (after a brief technical interlude in Section |9]) we use a standard 
rectification argument (as in |May72| ) to convert R with this action to 
a strictly commutative object of T,Sss', passage to geometric realization 
gives M™™™. Next we turn to the proof of Theorem 11.31 In Sections 
[TT1 - [l3] we introduce the relaxed symmetric Poincare ad theory and the 
corresponding version of the symmetric signature. In Sections [T4l - [T6l 
we create a monad in the category SiSgs x SiSss which acts on the pair 
(Re,*,i, Rfei)' ^^d in Section [17] we adapt the argument of Section [TO] to 
prove Theorem 1 1.3[ Section [TS] gives the statement of the stronger ver- 
sion of Theorem 11.31 mentioned above, and Section [TH] gives the proof. 
Appendix JA] gives the proof of Theorem II. 2[ 
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2. Some redefinitions 

One of the ingredients in the definition of ad theory in |LM] is the 
target "Z-graded category" A (see [LMl Definitions 3.3 and 3.10]). For 
the purposes of that paper, there was no reason to allow morphisms in 
A between objects of the same dimension (except for identity maps). 
For the present paper, we do need such morphisms (see Definition 13.11 
below and the proof of Theorem II. ip . We therefore begin by giving 
modified versions of some of the definitions of |LM] . 

Definition 2.1. (cf. Definition 3.3 of |LM] ) A Z-graded category is a 
small category A with involution i, together with involution-preserving 
functors d : A — > Z (called the dimension function) and : Z — > A 
such that 

(a) (i is equal to the identity functor, and 

(b) if d{a) > d{b) then there are no morphisms from a to h. 

The definition of a strict monoidal structure on a Z-graded category 
( |LM] Definition 18.1]) needs no change, provided that one uses the 
new definition of Z-graded category. 

Next we explain how to modify the specific examples of target cate- 
gories in [LMj by adding morphisms which preserve dimension. 
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For the category ^sTop ( |LMl Example 3.5]) the morphisms between 
objects of the same dimension are the maps of degree 1. 

For the category ATr,z,w ([LMl Definition 7.3]) the morphisms be- 
tween objects {X, f, ^) and (X', /', ^') of the same dimension are the 
maps g : X ^ X' such that f o g = f and (7*(0 = ^'• 

We do not need the analogous modification for the category A^ 
( |LMt Definition 9.5]) because we will be using the version in Section 

3. Commutative ad theories 

Definition 3.1. Let ^ be a Z-graded category. A permutative struc- 
ture on ^ is a strict monoidal structure {^,e) ([LMl Definition 18.1]) 
together with a natural isomorphism 

such that 

y&J %^x,y '~fix,y ^x,iy^ 

(b) each of the maps 70,j,, 7a;,0 is the identity map of 0, 

(c) the composite 

'V i\^\\y\('y \ 

xMy s- i\-^\\y\y ^ X ^ xMy 

is the identity. 

(d) 7a;,£ is the identity, and 

(e) the diagram 




i\y\\Ax ^z^y *- j\z\{\x\+\y\) ^ Mx^y 

commutes. 

Remark 3.2. The analogue of the coherence theorem for symmetric 
monoidal categories |ML63] holds in this context with essentially the 
same proof. 

Definition 3.3. A commutative ad theory is a multiplicative ad theory 
|LMt Definitions 3.10 and 18.4], with the extra property that every 
pre iiT-ad which is isomorphic to a ii'-ad is a /T-ad, together with a 
permutative structure on the target category A. 

Examples are adc when C is a commutative DGA (see |LM[ Exam- 
ple 3.12]), adsTop (see |LMl Section 6]), ade,*,i (see [LMl Section 7]), 
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adsTopFun (see [LMl end of Section 8]), adj.gi when R is commutative 
(see Section [TT] below) . and adjp^e,* (see [BLMj ). 

Remark 3.4. The extra property in Definition l3.3l is used in the proof 
of Lemma 16.31 below. 

For later use we record some notation for iterated products. 

Definition 3.5. (i) For a permutation rj & T,j, let e{ri) denote if r^ is 
even and 1 if ?7 is odd. 

(ii) Let ^ be a Z-graded category with a permutative structure. Let 
?7 G Sj. Define a functor 

V-k : A""^ -^ A 
(where A^^ is the j-fold Cartesian product) by 

where f] is the block permutation that takes blocks bi, . . . , bj of size 

|xi|, . . . , \xj\ into the order b^-i(i), . . . , b^-i(j). 

Remark 3.6. Note that, by Remark 13.21 rj-fflxi, . . . ,Xj) is canonically 
isomorphic to Xi Kl • ■ ■ Kl Xj. 

4. MULTISEMISIMPLICIAL SYMMETRIC SPECTRA 

We now turn to the proof of Theorem ILII 

In this section we define a category SiSss (the ss stands for "semisim- 
plicial") which is a multisemisimplicial version of the category US of 
symmetric spectra. The motivation for the definition is that the se- 
quence Rk in |LMt Definition 17.2] should give an object of SiSgg. 

Recall that we write Ainj for the category whose objects are the 
sets {0, . . . , n} and whose morphisms are the monotonically increasing 
injections. 

A based /c-fold multisemisimplicial set is a contravariant functor from 
the Cartesian product (Ajnj)^^ to the category Set* of based sets. In 
particular, a based 0-fold multisemisimplicial set is just a based set. 

Next note that given a category C with a left action of a group G one 
can define a category G k C whose objects are those of C and whose 
morphisms are pairs (a, /) with a E G and / a morphism of C; the 
domain of {a, /) is the domain of / and the target is a applied to the 
target of /. Composition is defined by 
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Remark 4.1. (i) C is imbedded in G x C by taking the morphism / of 
C to the morphism (e, /) of G k C, where e is the identity element of 
G. 

(ii) The morphism (a, /) is the composite (a, id) o (e, /). 

Definition 4.2. Let S^ act on {A°^-)^'^ by permuting the factors (when 
A; = 0, So is the trivial group). For each subgroup H of S^ let Hssk be 
the category of functors from H x (A°^)^^ to Set*. 



By Remark |4. 11 an object of Hssk can be thought of as a based A;-fold 
multisemisimplicial set with a left "action" of H in which H also acts 
on the multidegrees. 

Definition 4.3. (i) A multisemisimplicial symmetric sequence X is a 
sequence Xk, k > 0, such that Xk is an object of S^ssfc. 

(ii) A morphism of multisemisimplicial symmetric sequences from X 
to Y is a sequence of morphisms fk : Xk — )■ Yk in SfcSSfc. 

The category of multisemisimplicial symmetric sequences will be de- 
noted by B. 

For our next definition, recall [LMl Definitions 17.2 and 17.3]. 

Definition 4.4. (i) For each A; > extend the object Rk of ss^ to an 
object of SfcSSfc by letting 

(a,id),(F) =2^(")oFoa# 

(where a e S^ and F e ad^(A")). 

(ii) Let R denote the object of B whose k-th term is Rk- 

Next we assemble the ingredients needed to define a symmetric 
monoidal structure on B. 

Definition 4.5. Given A G S^sSfc and B G S;SS;, define A A B E 
(Sfc X T.i)ssk+i by 

{A A 5)^,„ = A^ABn 
(where m is a fc-fold multi-index and n is an Z-fold multi-index). 

Definition 4.6. Given H G G G S^, define a functor 

Ih ■ Hssk -^ Gssk 
by letting I^A be the left Kan extension of A along H x (A°fj)^'^ — )■ 
Gk(A°p)x^ 

Remark 4.7. For later use we give an explicit description of I§A. For 
each multi-index n, we have 



(/^A)„=(\/^.-Mn))/^ 

aeG 
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where the action of H is defined as follows: if /3 G i/ and x is an 
element in the a-summand then /3 takes x to the element (/3, id)*(x) in 
the a/3~^-summand. 

Notation 4.8. We denote the equivalence class of an element x in the 
a-summand of I'^A by [a, x]; note that [a, x] = (a, id)*[e, x]. 

Definition 4.9. Given X, Y G B, define X ® Y G 6 by 

(X®Y),= V /^;;xs,, (X,,AY,,). 

jl+J2=k 

The proof that ® is a symmetric monoidal product is essentially the 
same as the corresponding proof in |HSS00t Section 2.1]. The symmetry 
map 

r:X®Y^ Y®X 

is given by 

(4.1) T{[a,xAy]) = [af3,yAx] 

where x G {Xk)m, V ^ (^)n, and (3 is the permutation of {1, . . . , A; + /} 
which switches the first k and the last / elements. 

Next we give the definition of the category SiSss and its symmetric 
monoidal product. 

Let S^ denote the based semisimplicial set that consists of the base 
point together with a 1-simplex. We can extend the fc-fold multi- 
semisimplicial set {S^)^^ to an object of S^ssfc by defining 

(a, id)42;i A ■ ■ ■ A Xfc) = x^-^i) A • ■ ■ A x^-i^k)- 

(where the Xi are simplices of 5*^). We write S'' for this object and S 
for the object of 6 whose k-th term is S^. It is easy to check that S is 
a commutative monoid in B. 

Definition 4.10. SiSgs is the category of modules over S. 

Remark 4.11. One can give a more explicit version of this definition: 
an object of SiSgg consists of an object X of 6 together with suspension 
maps 

UJ : S A Xk — )■ Xfc+i 

for each k, such that the iterates of the cj's satisfy appropriate equiv- 
ariance conditions. 

Example 4.12. The object R of Definition 14 .41 can be given suspension 
maps as follows: with the notation of [LMl Definition 17.4(i)], define 

u : S A i?fc — ;■ Rk+i 



COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 9 

by 

uj{sAF) = X*{F) 

(where s is the l-simplex of S^ and F G ad (A")). The resulting object 
of SiSss will also be denoted R. 

Definition 4.13. (cf. |HSS00l Definition 2.2.3]) For X, Y G ES,„ de- 
fine the smash product X A Y to be the coequalizer of the diagram 

X®S®Y^X(g)Y 

where the right action of S on X is the composite 

X(g)S^S(g)X^X. 

The proof that A is a symmetric monoidal product is essentially the 
same as the corresponding proof in |HSS00t Section 2.2]. 

5. Geometric realization 

Let G be a subgroup of S^. By Remark 14. l( i). an object of Gss^ has 
an underlying fc-fold multisemisimplicial set. 

Definition 5.1. The geometric realization \A\ of an object A G Gssk 
is the geometric realization of its underlying fc-fold multisemisimplicial 

set. 

Definition 5.2. (i) A map in Gss^ is a weak equivalence if it induces 
a weak equivalence of realizations. 

(ii) A map X — )■ Y in B or in SiSss is a weak equivalence if each map 
Xk — > Ifc is a weak equivalence. 

Proposition 5.3. For A G S^ss^, the following formula gives a natural 
left Sfc action on \A\: 

a{[ui, ...,Uk, a]) = [ua-i{i), ..., Ma-i(fc), (a, id)*(a)]; 

here (mi, . . . , Uk) G A", a G A^, and [ui, . . . , Uk, a] denotes the class of 
{ui,...,Uk,a) m \A\. U 

Proposition 5.4. For H C G C T,k cmd A G Hssk there is a natural 
isomorphism of based G-spaces 

\I'^A\ = G+Ah \A\. 

Proof. The proof is easy, using Remark 14.71 D 

Corollary 5.5. Geometric realization induces a symmetric monoidal 
functor from SiSgg to the category of symmetric spectra US; in partic- 
ular, the realization of a (commutative) monoid in S5ss is a (commu- 
tative) monoid in TiS. D 
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6. A FAMILY OF MULTIPLICATION MAPS 

In this section we begin the proof of Theorem ll.li From now until 
the end of Section [10] we fix a Z-graded permutative category A and a 
commutative ad theory with values in A. Let R be the object of T,Sss 
constructed from this ad theory as in Example I4.12[ 

Let M be the symmetric ring spectrum associated to the ad theory 
( [LM[ Proposition 17.5 and Theorem 18.5]). By definition, M^ = \Rk\- 
The multiplication of M is induced by the collection of maps 

yW : {Rk)m A {Rl)n — ^ {Rk+l)m,n 

defined by 

(6.1) fi{F A G){ai X as, Oi x 02) = «''^"""^F(ai, Oi) K G((T2, 02) 

(this is well-defined because, by |LMt Definition 18.1(b)], reversing the 
orientations Oi and 02 does not change the right-hand side). These 
maps give R the structure of a monoid in T,Sss (the proof is is essentially 
the same as for |LM[ Theorem 18.5]). 

In general, even though the ad theory is commutative, R is not 
a commutative monoid (this would require the product in the target 
category A to be strictly graded commutative). Instead we have the 
following. Recall Definition 13.51 and Notation 14.81 

Lemma 6.1. Let m : R A R — ?■ R 6e the product and let rj E S^. Then 
the composite 

m^ : R^^' A R^^' ^ R 
is determined by the formula 

m^([e, Fi A ■ ■ ■ A Fj]){ai x ■ ■ ■ x (Tj,oi x ■ ■ ■ x Oj) 

= f ('^)r7^(Fi(ai, oi), . . . , Fj{aj, Oj)), 

where e is the identity element of the relevant symmetric group and ( 
is the block permutation that takes blocks bi, . . . , b^, Ci, . . . , Cj of size 
degFi, . . . , deg Fj, dimcii, . . . , dimcij into the order bi, Ci, . . . , hj, 

Proof. It suffices to prove this when 77 is a transposition, and in this 
case the proof is an easy calculation using Equations (14. ip and (16. ip 
and [LMl Definition 17.3]. D 

The key idea in the proof of Theorem 11.11 is that there is a family of 
operations which can be used to interpolate between the various m^. 
To construct this family, we allow a different permutation of the factors 
for each cell of A"i x • ■ ■ x A"^ , as explained in our next definition. 
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We begin by defining the operations for pre-ads (see |LMl Definitions 
3.8(i) and 3.10(ii)]). 

Definition 6.2. (i) Given a ball complex K^ let U{K) denote the set 
of all cells of K. 

(ii) Let ki,...,kj be non- negative integers and let n^ be a /cj-fold 
multi-index for 1 < i < j. For any map 

a: f/(A"^ X ■■■ X A"0 ^^j 
define 

a, : pre'=i(A"i) x • ■ ■ x pre'^^XA"^ ^ pre^i+-+fc.(A("i'-'"^)) 
by 
a*{Fi, . . .,Fj){ai X ■ ■ ■ X aj,oi X ■■ ■ X Oj)) 

= i'^'^\a{ai X ■■■ X aj))^{Fi{ai,oi), . . . ,Fj{aj,Oj)), 

where ( is the block permutation that takes blocks bi, . . . , b^, Ci, . . . , 
Cj of size ki, . . . , kj, dimo"i, . . . , dim ctj into the order bi, Ci, . . . , hj, 

c,. 

Lemma 6.3. If Fi e ad^"(A"^) for I < i < j then a^{Fi, . . . , Fj) G 

Proof. This is immediate from the extra property in Definition 13. 3[ 
Remark [Ml and [LMl Definition 18.4(b)]. D 

Recalling that (-RA:)n = ad (A") with basepoint at the trivial ad (see 
[LMl Definitions 3.8(ii), 3.10(b) and 18.1(c)]), we have now constructed 
an operation 

O'* '■ (-Rfci)ni A ■ ■ ■ A (-Rfcj)nj -^ {Rki+-+kj)ni,...,nj 

for each 

a: f/(A"i X ■■■ X A"^) ^ S^. 
For later use, we give the relation between a* and the suspension 
map w : S"^ A -Rfc — )■ i?A;+i- 

Definition 6.4. For a ball complex K, let 

n : U{A^ xK)^ U{K) 

be the map which takes a x r to r, where a is a simplex of A^ and r 
is a simplex of K. 

Lemma 6.5. Let s he the 1-simplex of S^ , let Fi G {RkJm for 1 < i < 
j, and let a : [/(A"i x • ■ ■ x A"^ -^ S^. Then 

u{s A a*(Fi A ■ ■ ■ A Fj)) = (a o n)4w(s A Fi) A ■ ■ ■ A Fj). 
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Proof. This follows from Lemma 16.11 (because the permuted multipli- 
cation commutes with suspension). It can also be proved by a straight- 
forward calculation using Definitions 13.51 and 14. 121 and |LMt Definitions 

17.4 and 3.7(ii)]. D 

In the remainder of this section, we show that the action of the 
operations a* can be described in a way that begins to resemble the 
action of an operad; this resemblance will be developed further in the 
next two sections. 

Definition 6.6. (i) For j,k >0 define an object 0{j)k of S^ssfc by 
(0(j%)n = Map(f/(A"),S,)+ 



op\xfc 



(where the + denotes a disjoint basepoint); the morphisms in (A°J^^ 
act in the evident way, and the morphisms of the form (a, id) with 
a G Sfc act by permuting the factors in A". 

(ii) For j > define 0(j) to be the object of fi with fc-th term 0{j)k- 

Definition 6.7. (i) For A,Be S^ssfc, define the degreewise smash 
product 

A7\ B e SfcSSfc 
by 

with the diagonal action of Sfc. 

(ii) For X, Y G B, define X A Y G B by 

(XAY), = X,An. 

Remark 6.8. The difference between the degreewise smash product 
A A B and the previously defined smash product A A B is that the 
former is only defined when A and B are k-iold multisemisimplicial 
sets for the same k, and the result is again a k-iold multisemisimplicial 
set, whereas AAB is defined when A is fc-fold and B is /-fold, and the 
result is {k + /)-fold. 

Our next definition assembles the operations a^, for a given j into a 
single map. 

Definition 6.9. Let j > 0. Define a map 

(Pj :0(j) AR®^'^R 
in B by the formulas 

0j(a A [e, Fi A ■ ■ • A Fj]) = a^Fi A ■ ■ ■ A Fj) 
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(where e denotes the identity element of the relevant symmetric group) 
and 

(f)j{a A [a, Fi A ■ ■ ■ A Fj]) = (a, id)*0j((a~\id)*a A [e, Fi A • • ■ A Fj]). 
Lemma 6.10. The map (pj induces a map 

ijj : 0(j) AR^-^'^R 
in fi. 

Proof. This is a straightforward calculation using Example I4.12[ Defi- 
nition |l]T3l and |LMt Definition 17.3 and Lemma 18.7]. D 

7. A MONAD IN fi 

In the next section we will show that there is a monad P in SiSgs 
with the property that the maps ipj constructed in Lemma 16.101 give 
an action of P on R. As preparation, in this section we prove the 
analogous result in fi; that is, we show that there is a monad O in fi for 
which the maps (pj of Definition 16.91 give an action of O on R. 

First we observe that the collection of objects 0(j) has a composition 
map analogous to that of an operad. Recall that May defines an operad 
M in the category of sets with M{j) = Ej ( |May72[ Definition 3.1(i)]). 
Let jm denote the composition operation in A4. Also recall Definition 
Ol and Notation iH 



Definition 7.1. Given ji, . . . ,ji > define a map 

7 : 0(0 A (0(ji) ® ■ • • ® OU^i)) -^ 0(ji + ■ ■ ■ + Ji) 
in fi by the formulas 

7(aA[e, biA. . .Abi]){aiX- ■ -xai) = 7A4(a((JiX- ■ -xctj), 6i((7i), . . . , bi{(Ji)) 
(where e is the identity element of the relevant symmetric group) and 

7(a A [a, 6i A ... A 6,]) = (a, id)*7((a;~\ id)*a A [e, 6i A . . . A 6^]). 

In order to formulate the associativity property of 7, we note that 
for Xi, . . . , Xj, Yi, . . . , Yj G fi there is a natural map 

X: (Xi AYi)®---® (XiAYi) ^ (Xi (g) ■ • • ® X^) A (Yi ® • ■ ■ ® Y^) 

given by 

xi[<y,XiAyiA---AXiA i/i]) = [a,Xi A ■ ■ ■ A Xi] A[a,yi A ■ ■ ■ A yt]. 
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Lemma 7.2. The operation 7 has the following associativity property: 
the composite 

0(2)A((0(ji)A(0(/n)®- ■ -mikj,)))®- ■ ■®{&{ji)-K{&{ki)®- ■ -^^ikH))) 

'~^^'^-^\ 0{t) A (0(/n + ■ ■ ■ + hn) ® ■ ■ ■ ® &ihi + ■■■ + kjj) 

^@{lii + --- + kn) 
is the same as the composite 

0(^)a((0(ji)a(0(/ii)®- ■ •8)0(/i,J))8)- • ■®(0(j.)A(0(/a)®- ■ •8)0(%))) 

^ &{i) A (0(ji) ® ■ ■ ■ ® 0(j-)) A (0(/n) ® ■ ■ ■ ® 0(/,,,j) 

^ 0(ji + ■ ■ ■ + J.) A (0(/n) ® ■ ■ ■ ® @{k,n)) 

^0(/n + ■■■ + %). 
D 

To formulate the unital property of 7 we first need to consider the 
unit object for the operation A. 

Definition 7.3. Let Sk be the object of E^ssfc which has a copy of S^ 
in each niuhidegree (with each morphism of S^ x (A°^:)^'^ acting as the 
identity of S^), and let S be the object of 6 with /c-th term Sk- 

Remark 7.4. (i) S A X = X for any X e B. 
(ii) 0(0) and 0(1) are both equal to S. 
(iii) S is a commutative monoid in 6 with multiplication 

m : S(g)S ^ S 

given by 

m{\a,si A S2]) = t, 
where Si and S2 are any nontrivial simplices and t is the nontrivial 
simplex in the relevant multidegree. 

Lemma 7.5. The operation 7 has the following unital property: the 
diagrams 

0(j)AS®'^-0(j)A0(l)®^^ 



lAm 



7 



0(j)AS ^^@{j) 
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and 



SA0(j)^^0(j) 



0(l)A0(j) 



commute. 



D 



To complete the analogy between 7 and the composition map of an 
operad, we need an equivariance property. 

Definition 7.6. Define a right action of Sj on 0(j) by 

{aa){(r) = a{a) ■ a, 

where a G Map(f/(A"), Sj) + , cr G f/(A"), and ■ is multiphcation in Sj. 

Lemma 7.7. (i) The following diagram commutes for all a G Sj. 

0{{) A (0(ji) ® ■ ■ ■ ® 0(j,)) 0{t) A (0(j„-l(l)) ® ■ • ■ 0{ja-Hi))) 



aA(/3i®---®ft) 



0(Oa(0(ji)8)---8)0(j-)) 



0(jl + ---+j^) 

7M(o,/3i,...,/3i) 
-^0Ul + ■■■+J^) 



D 



Now we use the data defined so far to construct a monad in the 
category B. 

Definition 7.8. (i) For X G 6, give 0(j) A X'^^' the diagonal right S^ 
action. 

(ii) Define a functor O : B — )> B by 

0(X) = \/(0(j)AX^^)/S,. 
i>o 

(iii) Define a natural transformation 

t : X ^ OX 

to be the composite 

X ^ SAX = 0(1) AX ^ 0(X). 

(iv) Define 

/i : OOX -^ OX 
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to be the natural transformation induced by the maps 

0(z) A ((0(ji) A X^^'i) ® ■ ■ ■ ® (0(ji) A X®^'-)^ 

^ (0(2) A (0(ji) ® ■ ■ ■ 8) 0(j-))) A X®(^'i+-+^'") 

^0(ji + ---+J^)AX«(^'i+-+^'). 

Proposition 7.9. T/ie transformations fi and t define a monad struc- 
ture on O. 

Proof. This is immediate from Lemmas 17.21 and 17.51 D 

We conclude this section by giving the action of O on R. Observe 
that the map 

(t)j :0(j) AR®^'^R 
of Definition 16.91 induces a map 

(7.1) (0(j)AR®^')/S.^I^- 

Definition 7.10. Define 

z/ : OR -> R 
to be the map whose restriction to (0(j) A X'^-'j/Sj is the map (17. ip . 
Proposition 7.11. v is an action of O on R. 
Proof. We need to show that the diagrams 

R^^OR 



R 

and 

R-^07^ 



commute. The first is obvious and for the second it suffices to check 
that the composite 

0(0 A ((0(ji) A R®^'0 ® ■ ■ • ® (0(ji) A R®^'-) 

^ 0(0 A (0(ji) ® ■ ■ ■ 8) 0(j-)) A R^(^'^+-+^'') 

^ 0(ji + ■ ■ ■ + J^) A R®0-i+-+^-») 4 R 



COMMUTATIVITY PROPERTIES OF QUINN SPECTRA 17 

is the same as the composite 

0(i)A((0(ji)AR^-''i)®- ■ ■®(0(j,)7^®^^^)) i^(^^^ 0(z)AR^* 4 R. 

D 

8. A MONAD IN S5ss 

We begin by giving 0(j) AX^-' the structure of a multisemisimphcial 
symmetric spectrum when X G B. The definition is motivated by 
Lemma I6.5[ Recall Definition 16.41 

Definition 8.1. Let j, k > 0. Let s be the 1-simplex of S^. Define 

u:S'a (0(j) AX^^')fc ^ (0(j) AX^^)fc+i 

as follows: for a G (0(j)fc)n and x G {{X^^)k)n, let 

u{s A (a A x)) = (a o n) A u{s A x). 

Definition 8.2. (i) For X G S5ss, give 0(j) AX^-^' the diagonal right 
Sj action. 

(ii) Define a functor P : SiSss -^ S5ss by 

nX) = V(0O')AX^^)/S,. 
i>o 

To give P a monad structure we need 



Lemma 8.3. The composite in Definition 7.8 (iv) induces a map 
0(0 A ((0(ji) A X^^-^) A • ■ ■ A (0(j,) A X^^--)^ 

->0(ji + ---+J.)AX^(^'i+-+^'>). 

in SiSss- □ 

Definition 8.4. (i) Define a natural transformation 

t : X ^ PX 

to be the composite 

X ^ S A X = 0(1) AX -^ P(X). 

(ii) Define 

/i : PPX -^ PX 

to be the natural transformation induced by the maps constructed in 
Lemma \Kl 



Proposition 8.5. The transformations fj, and l define a monad struc- 
ture on P. 
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Proof. This follows from Proposition 17.91 by passage to quotients. D 

Next we give the action of P on R. By Definition 18.11 and Lemma 
16.51 the map 

iPj : 0(j) AR^-^'^R 
of Lemma [6.101 is a map in T,Sss- It induces a map 

(8.1) {0ij)AR^^)/J:,^K. 

in S5ss. 

Definition 8.6. Define 

z/ : PR ^ R 

to be the map whose restriction to (0(j) A X^-'j/Ej is the map (18.11) . 

Proposition 8.7. u is an action o/P on R. 

Proof. This follows from Proposition 17.111 by passage to quotients. D 

For use in Section [10] we record a lemma. 

Lemma 8.8. (i) There is a functor T from P algebras to monoids in 
SiSss (with respect to A) which is the identity on objects. 

(a) The geometric realization of T(R) is the symmetric ring spec- 
trum M of [LMl Theorem 18.5]. 

Proof. Part (i). Let A be the monad 

A(X) = V X^^'. 
i>o 

Then a monoid in EiSgg is the same thing as an A-algebra, so it suffices 
to give a map of monads from A to P. 

For each j,k > and each fc-fold multi-index n, define an element 

ej,k,n e (0(j)fc)n 

to be the constant function [/(A") — )■ Hj whose value is the identity 
element of S^. Next define a map 

S^0(j) 

by taking the nontrivial simplex of (Sfc)n to ej^k,n.- 
Now the composite 

A(X) = Y X^^' = Y S A X^^' -^ Y (0(j) A X^^)/S, = P(X) 

j>0 j>0 j>0 

is a map of monads. 

Part (ii) is an easy consequence of the definitions. D 
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9. Degreewise smash product and geometric realization 

For the proof of Theorem 11.11 we need to know the relation between 
A and geometric reahzation. 
There is a natural map 

K : \A7\B\ -^ \A\ A \B\ 

defined by 

K,{[u,x Ay]) = [u,x] A [u,y]. 
The analogous map for multisimplicial sets is a homeomorphism, but 
the situation for multisemisimplicial sets is more delicate. 

Definition 9.1. A multisemisimplicial set has compatible degeneracies 
if it is in the image of the forgetful functor from multisimplicial sets to 
multisemisimplicial sets. 

Example 9.2. (i) One can define compatible degeneracies on 0{j)k 
for each j,k > by using the codegeneracy maps between the A". 

(ii) If X G S5ss and X^. has compatible degeneracies for all k then 
each (0(j) AX^-')^ has compatible degeneracies. 

Proposition 9.3. If the underlying multisemisimplicial sets of A and 
B have compatible degeneracies then n is a weak equivalence. 

Proof. Let A and B be multisimplicial sets whose underlying multi- 
semisimplicial sets are A and B. Then the underlying multisemisimpli- 
cial set of the degreewise smash product Al\ B is A1\B. Consider the 
following commutative diagram, where | | in the bottom row denotes 
realization of multisimplicial sets, k is defined analogously to k, and 
the vertical maps collapse the degeneracies: 

\A1\B\^^\A\A\B\ 



\A1\B\^^\A\A\B\ 
The map k is a homeomorphism, and the vertical arrows are weak 



equivalences by the multisimplicial analogue of Seg74 Lemma A. 5], so 
K is a weak equivalence. D 

Next we give a sufficient condition for a multisemisimplicial set to 
have compatible degeneracies. Let D^ denote the semisimplicial set 
consisting of the nondegenerate simplices of the standard simplicial n- 
simplex. For a multi-index n, let D^ denote the /c-fold multisemisim- 
plicial set 
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Definition 9.4. (i) A horn in D"^ is a subcomplex E wliich contains 
all elements of D^ except for the top-dimensional element and one of 
its faces. 

(ii) A fc-fold multisemisimplicial set A satisfies the multi-Kan condi- 
tion if every map from a horn in D" to A extends to a map D" — )■ A. 

The following result is proved in |McC] . 

Proposition 9.5. If A satisfies the multi-Kan condition then it has 
compatible degeneracies. 

Our next result is proved in the same way as |LMt Lemma 15.12] 
and does not require the ad theory to be commutative. 

Proposition 9.6. For each k, R^ satisfies the multi-Kan condition. 

10. Rectification 

In this section we complete the proof of Theorem 11.11 
First we consider a monad in SiSgs which is simpler than P. 

Definition 10.1. (i) Define r(X) to be Vj>o X^V^j- 
(ii) For each j > 0, let 

be the map which takes each nontrivial simplex of 0{j)k to the non- 
trivial simplex of Sk in the same multidegree. Define a natural trans- 
formation 

S : P ^ P' 

to be the wedge of the composites 

(0(j)AX^^')/S,- ^ (S AX^^')/S,- ^ X^VE,-. 

Proposition 10.2. (i) An algebra over P' is the same thing as a com- 
mutative monoid in SiSgg. 

(ii) 'E is a map of monads. 

(iii) Suppose that each X^ has compatible degeneracies (see Definition 
\9.1\) . Let P'^ denote the q-th iterate o/P. Then each map 

E : P«(X) -^ rP^-i(X) 

is a weak equivalence. 

Parts (i) and (ii) are immediate from the definitions. Part (iii) will 
be proved at the end of this section. 
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Proof of Theorem \l.l[ We apply the monadic bar construction ( [May 72 



Construction 9.6]) to obtain simplicial objects -B,(P, P, R) and 
i?,(P',P, R) in SiSss- We write R, for the constant simphcial object 
which is R in each simphcial degree. There are maps of simplicial 
P-algebras 

(10.1) R. A5.(P,P,R) ^5.(r,P,R), 

where e is induced by the action of P on R (see [May 72 Lemma 9.2(ii)]). 



The map e is a homotopy equivalence of simplicial objects ( [May 72 



Proposition 9.8]) and the map S, is a weak equivalence in each simpli- 
cial degree by Propositions 19. 5[ 19.61 and I10.2( iii) . -B,(P', P, R) is a sim- 
plicial algebra over P', which by Proposition ll0.2( i) is the same thing as 
a simplicial commutative monoid in T^Sss- Moreover, by Lemma IH^ i). 
R, and i?,(P, P, R) are simplicial monoids, and e and S, are maps of 
simplicial monoids. 

The objects of the diagram (llU.ip are simplicial objects in EiSsg. We 
obtain a diagram 

(10.2) |R.| ^ |5.(P,P,R)| ^ |B.(r,P,R)| 

of simplicial objects in SiS (the category of symmetric spectra) by ap- 
plying the geometric realization functor T^Sss -^ SiS to the diagram 
(110. ip in each simplicial degree. The map \e\ is a homotopy equiva- 
lence of simplicial objects and the map |S,| is a weak equivalence in 
each simplicial degree. The object |-B,(P', P, R)| is a simplicial commu- 
tative symmetric ring spectrum, the objects |R,| and |i?,(P, P, R)| are 
simplicial symmetric ring spectra, and the maps |£:| and |S,| are maps 
of simplicial symmetric ring spectra. 

Finally, we apply geometric realization to the diagram (110. 2p . We 
define M™"^™ to be ||5,(r, P, R)||. Now we have a diagram 

(10.3) M= |R| ^ ||S.(P,P,R)|| ^^ ||5.(r,P,R)|| = M=°""^ 

in EiS. The map ||£:|| is a homotopy equivalence (cf. [May 72 Corol- 



lary 11.9]) and the map ||H,|| is a weak equivalence by [Reej Theo- 
rem E]. M™™™ is a commutative symmetric ring spectrum, M is the 
symmetric ring spectrum of |LMt Theorem 18.5] (by Lemma [8.8( ii)). 
||i?,(P, P, R)|| is a symmetric ring spectrum, and ||£|| and ||S,|| are 
maps of symmetric ring spectra. D 

We conclude this section with the proof of part (iii) of Proposition 
110.21 First we need a lemma (which for later use we state in more 
generality than we immediately need). Recall that a preorder is a 
set with a reflexive and transitive relation <. Examples are Hj, with 
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every element < every other, and U{K) (see Definition I6.2( i)). with < 
induced by inclusions of cells. 

Lemma 10.3. Let P be a preorder with an element which is > all other 
elements, and let k > 0. Define a k-fold multisemisimplicial set A by 

Then 
(i) A has compatible degeneracies, and 
(ii) A is weakly equivalent to a point. 

Proof. For (i), we can give A compatible degeneracies by using the 
codegeneracy maps between the A". 

Part (ii). Let A be a multisimplicial set whose underlying multi- 
semisimiplicial set is A. Let dA be its diagonal. The multisimplicial 
analogue of |Seg74 , Lemma A. 5] implies that \A\ is weakly equivalent 



to |y4|, and it is well-known that the latter is homeomorphic to \dA\. It 
therefore suffices to show that the simplicial set dA is weakly equivalent 
to a point. 

Let A^jj^p denote the standard simplicial n simplex and let dA^^^^ 
denote its boundary. Then it suffices by |GJ99l Theorem 1.11.2] to 
show that every map from dA^^^^ to dA extends to A^j^^^p. 

Let D"" (respectively dD"^) be the semisimplicial set consisting of the 
nondegenerate simplices of A^^^^p (resp., dA^^^^). Since A^jj^^p (resp., 
(9A"ij^p) is the free simplicial set generated by D" (respectively dD"-), it 

suffices to show that every semisimplicial map from dD" to dA extends 
to -D", and this is obvious from the definition of A. D 

Note that if P is Sj with the preorder described above then A^ is 

Proof of \10.2{ iii). We begin with the case g = 1, so we want to show 
that the map H : P(X) — ;■ P'(X) is a weak equivalence. It suffices to 
show that the map 

(0(j)AX^^-)/S, ^X^VS, 

is a weak equivalence for each j. Equation (14.11) shows that the Sj 
actions are free away from the basepoint, so it suffices to show that 
each map 

0(j)AX^^'^X^^' 

is a weak equivalence. Now the object (0(j) A X^-^)^ is 

V 0(J);^ A 4',x...xE,^, (Xfc, A • • ■ A XfcJ 

fciH \-kj=k 
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and we have 

0(j%A/g^x...xE,^. (Xfc,A- ■ ■AX.J = /g^,...,s,^. (0(j%A(X,,A- ■ ■AX.J 

so it suffices by Proposition 15.41 to show that each map 

0(j)fc A (Xfc, A ■ ■ ■ A XfeJ ^ Xfc, A ■ ■ ■ A Xfc^, 

is a weak equivalence, and this follows from Example 19.2^ Proposition 
I9.3[ and Lemma 110.31 

The general case follows from the case q = 1 and Example 19. 2( ii). D 

11. Relaxed symmetric Poincare complexes 

For a commutative ring R with the trivial involution, we would like 
to apply Theorem 11.11 to obtain a commutative model for the symmet- 
ric L-spectrum of R. However, the ad theory ad defined in Section 
9 of |LM] . with the product defined in |LMt Definition 9.12], is not 
commutative. The difficulty is that this product is defined using a 
noncommutative coproduct 

A:W ^W(^W. 

In this section and the next we give an equivalent ad theory which is 
commutative. 

Fix a ring R with involution. Recall the definition of the category V 
from [LMl Definition 9.2 (v)]. 

Definition 11.1. A relaxed quasi- symmetric complex of dimension n 
is a quadruple (C, D, (3, ip), where C is an object of V, D is an object 
of T) with a Z/2 action, /3 is a quasi-isomorphism C* ®_r C ^^ D which 

is also a Z/2 equivariant map, and v? is an element of DJ . 

Example 11.2. (i) If {C,ip) is a quasi-symmetric complex as defined 
in [LMl Definition 9.3], then the quadruple (C, (C* ®^ C)'^,/3,(^) is a 
relaxed quasi-symmetric complex, where (3 : C* 0/? C — )■ (C* (g)^ C)^ 
is induced by the augmentation W -^ Z. 

(ii) Relaxed quasi-symmetric complexes arise naturally from the con- 
struction of the symmetric signature of a Witt space given in |FMj ; see 
[BLM] . 

Definition 11.3. We define a category A^^i (the rel stands for relaxed) 
as follows. The objects of A^^i are the relaxed quasi-symmetric com- 
plexes. A morphism {C,D,f3,ip) — )■ {C , D' , 13' , (p') is a pair {f : C ^ 
C',g : D — 7- D'), where / and g are i?-linear chain maps, g is Z/2 
equivariant, gf3 = f3'{f ® /), and (if dirmp = dinup') g^i^^) = (p'. 
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A^^i is a balanced ( |LMt Definition 5.1]) Z-graded category, where i 
takes {C,D,f3,ip) to {C,D,(3, —ip) and 0„ is the n- dimensional object 
for which C and D are zero in all degrees. 

Remark 11.4. The construction of Example II 1.2( i) gives a morphism 

A"" ^ All 
of Z-graded categories. 

Next we must say what the i^-ads with values in Af^^ are. We need 
some preliminary definitions and a lemma. For a balanced pre i^-ad F 
we will use the notation 

F(o-, o) = (C^, D^,(3^, (p^^o)- 

Recall [LMl Definition 9.7]. 

Definition 11.5. A balanced pre i^-ad F is well-behaved if C and D 
are well-behaved. 

Next recall [LMl Definition 12.2]. 

Lemma 11.6. Let F be a well-behaved pre K-ad. Then 
(i) C* 0/2 C is well-behaved, and 
(ii) the map 

/3, : H^iiC ®n C)^, (C* ®^ C)a.) ^ i/*(I^., I^aJ 

is an isomorphism. 

Proof. Part (i) follows from the fact that Cqct -^ C^ is the inclusion of 
a direct summand for each a (see [LMt Definition 9.7(b) and 9.6(ii)]). 
For part (ii), first observe that the fact that C* ®i? C and D are 
well-behaved implies that they are Reedy cofibrant ( |Hir03t Definition 
15.3.3(2)]). The colim that defines (C* ®RC)a^ is a hocolim by |Hir03l 
Theorem 19.9.1(1) and Proposition 15.10.2(2)], and similarly for Dq^j, 
so the map 

is an isomorphism by |Hir03[ Theorem 19.4.2(1)], and this implies the 
lemma. D 

Recall [LMl Example 3.12 ]. 

Definition 11.7. A balanced pre fC-ad F is closed if, for each a, the 
map 

d{a) -^ D, 

which takes (r, o) to (pr^o is a chain map. 
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Note that if F is closed then ipa,o represents an element [v^o-.o] £ 

Definition 11.8. A pre K-a.d F is a K-a.(i if 

(a) it is balanced, well-behaved and closed, and 

(b) for each a the slant product with /3~^([v2(j,o]) is an isomorphism 

H*{Rom.ii{CaiR)) — )■ Hfi\yaa-dcgF-*{Ca/Cda). 

We write ad^j for the set of K ads with values in ^^j. 

Remark 11.9. The morphism of Remark 1 1 1 . 41 1 akes ads to ads. 

Theorem 11.10. adj.^; is an ad theory. 

Remark 11.11. When R is commutative with the trivial involution, 
the proof will show that ad^j is a commutative ad theory. 

For the proof of Theorem II 1. 101 we need a product operation on ads. 

Definition 11.12. (i) For i = 1,2, let Ri be a ring with involution and 
let {C\D\(3\^') be an object of ^f^j. Define 

to be the following object of A^J^®^^: 

where 7 is the composite 

(ii) For i = 1,2, suppose given a ball complex Ki and a pre Kj-ad 
Fi of degree ki with values in A^.^^. Define a pre {Ki x i^2)-ad Fi ® F2 
with values in A^J^®^^ by 

(Fi ® F2)((T X r, oi X 02) = ^''"''^''F^ia, o^) ® F^ir, 02). 

Lemma 11.13. For i = 1,2, suppose given a hall complex Ki and a 
Ki-ad Fi with values in A^^^-y. Then Fi ® F2 is a {Ki x K2)-ad. D 

Proof of Ml.lCK We only need to verify parts (f ) and (g) of |LMl Defi- 
nition 3.10]. 

For part (f), let F be a K'-a.^ and let 

F{(T, 0) = (C^, D^,(3^, ip^^o)- 

We need to define a i^-ad E which agrees with F on each residual 
subcomplex of K. As in the proof of [LMl Theorem 6.5], we may 
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assume by induction that K is a. ball complex structure for the n disk 
with one n cell r, and that K' is a subdivision of K which agrees with 
K on the boundary. We only need to define E on the top cell r of K. 
We define E{t, o) to be {Cr, D^-, f3r, fT,o), where 

• Cr = colimo-eii:' C^, 

• D^ = cohm^gi^/ Do-, 

• /3 = co\vaia&K' /3cr, and 

• Vt,o = X]v^o-,o') where (a, o') runs through the n-dimensional 
cells of K' with orientations induced by o. 

The fact that E satisfies part (a) of Definition 111.81 is a consequence 
of |LMt Proposition A.l(ii)]. We will deduce the isomorphism in part 
(b) of Definition II 1.81 from |LMt Proposition 12.4], and for this we need 
some facts from |LMt Section 12]. 

First recall that for a well-behaved functor 

B:Cell\K') -^V, 

we write 

Nat(cl,5) 

for the chain complex of natural transformations of graded abelian 
groups; the differential is given by 

Recall |LM| Definition 12.3] and also the map $ defined just before 
the statement of |LMt Lemma 12.6]. Consider the diagram 

i7,(Nat(cl, D)) H,+n{Dr, Dg,) 



i7,(Nat(cl, C ®R C)) ^- H,+n{{C' ^R C)r, (C* ^n C)o.). 

The horizontal maps are isomorphisms by |LMt Lemma 12.6], and the 
right-hand vertical map is an isomorphism by the proof of Lemma 
lll.6( ii). Hence the left-hand vertical map is an isomorphism. 

The collection {^a,o} gives a cycle u in Nat(cl,Z)). Let /i G 
Nat(cl, C*®rC) be a representative for /3^-'^([z/]). Now fix an orientation 
o for r. Let ip G Cl.®RCr be ^ /^((c, o')), where (a, o') runs through the 
n-dimensional cells of K' with orientations induced by o. Then t/^ is a 
representative of l3~'^{\ipr,o\)) so it suffices to show that the cap product 
with ip is an isomorphism i7*(Homij(CT-, i?)) — )■ Hn-degF-*{Cr/CQr), 
and this follows from [LMl Proposition 12.4]. 
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It remains to verify part (g) of |LMl Definition 3.10]. Let 0, 1, t 
denote the three cells of the unit interval /, with their standard orien- 
tations. As in the proof of |LMt Theorem 9.11], it suffices to construct 
a relaxed symmetric Poincare /-ad H over Z which takes both and 
1 to the object (Z, Z, 7, 1), where 7 is the isomorphism Z ® Z — )■ Z. 
The proof of |LMt Theorem 9.11] gives a symmetric Poincare J- ad G 
with G'(O) = G{1) = (Z, e), where e : W^ -^ Z (g) Z is the composite of 
the augmentation with 7"^ Let us denote the object G{i.) by {G,ip). 
Applying Remark 111.91 to G gives a relaxed symmetric Poincare J-ad 
G' with G'{l) = (C, (C ® C)^,/3,ip), where f3 is induced by the aug- 
mentation. Let Co (resp., ei) be the inclusion "-^ l (resp., 1 M- i) and 
for z = 0, 1 let gi = G{ei) -.Z^C. Then 

dip = {gi (S>gi)oe- {go (S> go) o e 

because G is closed. We can therefore construct the required /-ad H 
from G' by replacing G"(0) and G'{1) by (Z, Z, 7, 1). D 

12. Equivalence of the spectra associated to ad^ and ad^i 
By Remark 111. 9[ the morphism 

A"" ^ All 

of Remark 111.41 induces a map of spectra 

(see |LMl Section 15]) and a map of symmetric spectra 



(see iLMl Section 17]). 
Theorem 12.1. The maps 

and 

are weak equivalences. 



M« ^ Mf^i 



Q^ ^ Qfel 



M^ -^ M,^i. 



Remark 12.2. The method that will be used to prove Theorem 11.31 
can be used to show that M^ — )• M^j is weakly equivalent to a map of 
symmetric ring spectra. 

Recall [LMl Definitions 4.1 and 4.2]. By [LMl Theorem 16.1, Remark 
14.2(i) and Corollary 17.9(iii)], Theorem 112.11 follows from 
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Proposition 12.3. The map of bordism groups 
is an isomorphism. 



The proof of Proposition 112.31 will occupy the rest of this section. 
The following lemma proves surjectivity. As usual, for a chain complex 
A with a Z/2 action, we write A^^^"^ for (A^)^^'^. The augmentation 
induces a map A^/^ — )■ A^^/"^. 

Lemma 12.4. Let 

be a relaxed symmetric Poincare *-ad and let 

represent the image of (p under the map 

(where the isomorphism is induced by 13). Then {C^ip) is a symmetric 
Poincare *- ad, and {C,D,l3,if) is bordant to 

where 7 is induced by the augmentation. 

For the proof we need another lemma. 

Lemma 12.5. Let {C,D,/3,ip) be a relaxed symmetric Poincare *- ad. 
(i) If il) E D"^'"^ is any representative for the homology class [ip] G 
H,(D^/'^) then {C,D,/3,ip) is bordant to (C,D,/3,y?). 

(ii) If 

is a map of *-ads for which f : C ^ C is the identity map then 
{C,D,(3,ip) and {C , D' , (3' , ip') are bordant. 

The proof of Lemma 112.51 is deferred to the end of the section. 

Proof of Lemma \12.4\ The fact that (C, ip) satisfies jLM l Definition 
9.9] (only part (b) is relevant) is immediate from Definition 111.8( b). 

To see that (C, D, (3, ip) and (C, (C* ®r C)^, 7, ip) are bordant, let 5 
denote the composite 

C* ®R C A D ^ D^, 

let oj E 1)^^/2 be the image of p, and let to' G D^"^/"^ be the image 
of ip under the map {C ® C)^^/^ -;■ D^'^/'^ induced by [3. Part (ii) 
of Lemma 112.51 shows that (C, D, (3, p) and (C, D^ , 6, u) are bordant. 
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and also that {C, {C^®rC)^, 7, ip) and (C, D^ , 6, lo') are bordant. But 
[co] = [u]'] in H^:{D^^^'^), so the result follows from part (i) of Lemma 
[T231 D 

Next we show that the map in Proposition 112.31 is 1-1. So let (Cq, v^o) 
and (Ci, ipi) be symmetric Poincare *-ads and let F be a relaxed sym- 
metric Poincare bordism between them. Let 0,1, t denote the three 
cells of the unit interval J, with their standard orientations. Denote 
the object F{t) by {C,D,f3,ip). It suffices to show that there is a 
symmetric Poincare /-ad G with 

(12.1) G(0) = (Co,^o), G(l) = (Ci,^i), G{l) = iCx) 

for an element x which we will now construct. 
ip represents an element 

The map D ^r D^ induced by the augmentation gives a map 

-^ if.(Z}'^^/^ ((C* ©^ Crt^l^ © ((C* ©^ Ci)^)^^/2); 

let X be the image of (p under this map. The map /3 : C* ®r C ^ D 
gives an isomorphism 

(/j'^^/^), : //.((c* ©R c)^^/^ (c* ©R Co)"^/=^ © (c* ©R Ci)^^/2). 

^ iJ,(D'^^/^ ((C* ®r Co)^)^^/^ © ((Cl ©R Ci)^)^^/2); 
lety=(/3^^/2);i(a;). 
Lemma 12.6. T/ie image of y under the boundary map 

H.iiC ®R Cf'^l\ {Cl ®R C^f^'^ © {C{ ®R Cif^/^) 

A if._i((C* ®R 00^1' © (Cl ©H Ci)'^^/^) 

ZS -[ipo] + [V9i]. 

Before proving this we conclude the proof of Proposition 112.31 The 
lemma implies that there is a representative x of 2/ with 

(12.2) dx = -^o + ^i. 

It suffices to show that, with this choice of Xi the symmetric Poincare 
pre /-ad G given by equation (112.11) is an ad. Equation (112.21) says that 
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G is closed, and part (b) of jLMl Definition 9.9] follows from Definition 
111.8( b) and the fact that the image of [x\ under the map 

^ H^XC ©R C, (C* ©R Co) © {Cl ©R Cl)) 
is the same as the image of [if] under the map 

H^iD^/\ (C* ®R Cot^/^ © {Ci ®R C^f'^l'') 

^ H,{D, [Cl ®R C^Y" © {C\ ®R C^Y") 

^ H,{C' ®R C, (C* ©R, Co) © (C* ^R Cl)). 

D 

Proof of Lemma \12.6i We know that the image of [(f] under the bound- 
ary map 

H^D^^', (C* ©R CoY^/^ © (C* ®R Crf'^l'') 

4 //*_i((C* ®R Cf^l^ © (C* ©« C^f^l^) 
is — [v?o] + [v^i]) so it suffices to show that for i = 0, 1 the maps 

{c\®RC,f^i^ ^{{ci^Rc^rf-^i^ 

induced by Z^ — t- D^ and by /3 give the same map in homology. If we 
think of these as maps 

a. h : ((C* ©R C.)^)^/^ ^ ((C* ©R, C.)^«^)^/2 

(with diagonal Z/2 action on 14^ © VT) then a^ and 6j are induced by 
the maps 

61,62 :iy©iy-^iy 

given by the augmentations on the two factors. Now the Z/2 equivari- 
ant map 

of [RanSOal page 175] has the property that 6i o A and 62 o A are both 
the identity map, so if 

d : {{c\ ®R cf^^^fi^ ^ ((c* ®R c.rfi^ 

is the map induced by A then do ai and do hi are both the identity 
map. But A is a Z/2 chain homotopy equivalence, so d is a homology 
isomorphism and it follows that a^ and hi induce the same map in 
homology as required. D 
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It remains to prove Lemma ri2.5l Let F be the cylinder of (C, D, /3, ip) 
f fLMl Definition 3.10(g)]). Then F(0) and F(l) are both (C, D,/3, (^). 
Write 

F(0 = (a,A,/3M¥'J 
and let 

(/i,A;):(C,D,/3,¥;)^(a,A,/3.,<^J 
be the map F(l) -)■ F(t). 

For part (i), the hypothesis gives an element p E D^^'^ with dp = 
Ip — ip. Let p' E Di, be the image of p under k : D ^)- D^. Define an 
/-ad G by 

G(0) = (C, D, /3, yp), G(l) = (C, D, /3, ^), G(0 = (C,, A, A, y^.+p')- 

Then G is the desired bordism. 

For part (ii), the idea is to construct a suitable mapping cylinder. 
Let E be the pushout of the diagram 



D' 
Let X be the image of ip^ in E and let 7 be the composite 

C* ®fi C^D,-^ E. 
Define an /-ad H by 

//(O) = (C, D, (3, ^), //(I) = (C, /}', /?', <^'), ^(0 = (a, /?, 7, X)- 
Then H is the desired bordism. D 

13. The symmetric signature revisited 

Fix a group vr, a simply-connected free vr-space Z, and a homomor- 
phism w : TT — 7- {±1}, and recall the symmetric spectrum M^^^.u; ( |LM[ 
Sections 7 and 17]) which represents u7-twisted Poincare bordism over 
Z/tt. 

Let R denote the group ring Z[7r] with the if-twisted involution 
f fRanSObl page 196]). 

In |LMt Section 10] we constructed a morphism of ad theories 

Sig : ad-^,z,w -^ ad'^- 
We begin this section by constructing a morphism of ad theories 

Slgrel • advTjZ,™ ~^ adj,gj. 

Let (X, /, ^) be an object of An,z,w ([LMl Definition 7.3]). 
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In the special case where tt is the trivial group and Z is a point, the 
definition is easy: 

Sig,,i(X,/,0 = iS^X,S,iX X X),/3,^), 

where /3 is the cross product S^X (g) S^^X — > ^^(X x X) and Lp is the 
image of ^ under the diagonal map. 

The definition in the general case is similar. Recall that we write 
X for the pullback of Z along / and Z^ for Z with the right R action 
determined by w. Also recall |LMt Definition 7.1]. 

Definition 13.1. (i) Give S^{X) the left R module structure deter- 
mined by the action of vr on X and give S'*(X x X) and S^{X) ^S^{X) 
the left R module structures determined by the diagonal actions of n. 
(ii) Define 

Sig,,i(X, /, = (^*(X), Z^ ®n S.iX xX),(3,^), 
where /3 is the composite 

^.(X)* ®R S,(X) ^ Z^ ®R (5,(X) ® S,{X)) ^^ Z"" ^n S,{X x X) 

and if is the image of ^ under the map 

^,(X, zO = Z^ ®R S,{X) -> Z^ ^R S,{X X X) 

(where the unmarked arrow is induced by the diagonal map). 

Remark 13.2. (i) For set-theoretic reasons one should modify this 
definition as in jLMl Section 10]; we leave this to the reader. 

(ii) Sigj.gi takes ads to ads, because the composite of the cross product 
with the Alexander- Whitney map is naturally chain homotopic to the 
map induced by the diagonal. 

Next we compare Sig to Sigj-gi. 

Let us denote by 6 both the map A^ -^ A^^y of Remark [11.41 and the 
map M-^ — !■ M^j which it induces. 

Proposition 13.3. The diagram 

'^7T,Z,W 

Sig / \ Sigr, 



M^ '- Mf,i 

commutes in the hom,otopy category of symmetric spectra. 
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The rest of this section is devoted to the proof of Proposition 113.31 
The basic idea is similar to the proof of Theorem 11.11 
First observe that the extended Eilenberg-Zilber map 

W ® S,{Y X Z) ^ S,{Y) ® S,{Z) 
( |FMl proof of Proposition 5.8]) gives a map 

S,{Y X Z) ^ {{S,{Y) ® S,{Z))^, 

and this gives a natural transformation 

^ ■ Sigrei -^ 5 o Sig. 

Definition 13.4. Let P be the poset whose two elements are the func- 
tors Sigj,gi and 6 o Sig, with Sig^.^,! < 6 o Sig. 

Recall Definition I6.2( i). and note that U{K) has a poset structure 
given by inclusions of cells. Our next definition is analogous to Defini- 
tion O^ii). 

Definition 13.5. Let k > 0, let n be a fc-fold multi-index, and let 
F G pre^,^,^(A"). Let 

b : f/(A") -^ P 

be a map of posets. 

(i) For an object (cr, o) of Ce//(A") define the object 6*(F)(cr, o) of 
A^,i to he b{a){F {a, o)). 

(ii) For a morphism / : (a, o) — )■ (o"', o') of Ce//(A") define the mor- 
phism 

6.(F)(/):6,(F)(a,o)^6,(F)(a',o') 
to be 

Sigrel(/) if K^'^ O') = Sig,ei, 

Sig(/) if 6(cx, o) = Sig, 

u o Sigj.ei(/) otherwise, 
(iii) Let 

K : pret,z,JA") ^ (prefei)'(A") 
be the map defined by (i) and (ii). 

Lemma 13.6. 6* takes ads to ads. 

Proof. This follows from the fact that z/ is a quasi-isomorphism. D 

Recall that we write R for the object of SiSss associated to an ad 
theory (Example 14.121) . Then 6^, gives a map 

{(R'n,Z,w)k)n " ^ ((R.rcl)fc)n- 



op\xk 
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Definition 13.7. (i) For k > define an object Vk of S^ssfc by 

(n)n = Mapp_,,(f/(A"),P)+ 

(wliere tlie + denotes a disjoint basepoint); tlie niorpliisms in (A°^;^ 
act in tlie evident way, and tlie morphisms of the form (a, id) with 
a G Sfc act by permuting the factors in A". 

(ii) Define V to be the object of Q with k-th term Vk- 

Next we give V A Rtt.z.ui the structure of a multisemisimplicial sym- 
metric spectrum (cf. Definition IS.ip . Recall Definition 16.41 and let s be 
the 1-simplex of S^. Define 

as follows: for b G {Vk)n and x G {(Rn,z,w)k)n, let 

uj{s A (6 A x)) = (6 o n) A u{s A x). 
It follows from the definitions that we obtain a map 

(3 -.V A R,r,Z,«) — ^ Rrel 

in SiSss by 

/3(6AF) = 6,(F). 

For each k and n, define elements Ck,n, dk,n £ (Vk)!! to be the constant 
functions [/(A") — )■ P whose values are respectively Sigj,gi and 6 o Sig. 
Then define maps 

c,d:S^V 

in B by taking the nontrivial simplex of (Sfc)n to Ck,n, resp., dk,n- Finally, 
define maps 

C, d : 'RTr,Z,w -^ V A Rtt.Z.u) 

in SiSss by letting c be the composite 

'R-K,Z,W — S A Rtt.Z.-U) > V A 'R,TT,Z,W 

and similarly for d. 

Now /3oc is the map Sigj,gi and /3od is the map (5oSig, so to complete 
the proof of Proposition 113.31 it suffices to show: 

Lemma 13.8. c and d are homotopic in S5ss- 

Proof of Lemma YlS.^ For each /c > and each n let ek,n '■ {Vk)^ -^ S^ 
be the map which takes every simplex except the basepoint to the 
nontrivial element of S*", and let 

e:V ^S 

be the map given by the ek,n- Let 

e : V A Rtt.z.u) -> Rtt,z,w 
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be the composite 

V A Rtt^^.U) ^ S A Rtt.Z.W — R-TT.Z.IU- 

Then e o c and e o d are both equal to the identity. But e is a weak 
equivalence by Proposition 19.31 and Lemma [10.3[ and the result follows. 

D 

14. Background for the proof of Theorem 11.31 

Notation 14.1. In order to distinguish the product in Ae,*,i from the 
Cartesian product of categories, we will denote the former by IE from 
now on. 

We now turn to the proof of Theorem II. 3[ which will follow the 
general outline of the proof of Theorem 11.11 The key ingredient in 
that proof was the action of the monad P on R. That action was 
constructed from the family of operations given in Definition I6.2( ii). 
and this family in turn was constructed from the family of functors 
7]^ given in Definition I3.5( ii). For our present purpose we need the 
functors r/^ and also a family of functors 

da : ^1 X ■ ■ ■ X ^j -)■ ^f^j, 

where each Ai is equal to ^e,*,i or A^^^;, these will be built from the 
symmetric monoidal structures of ^e,*,i and A^^^ and the functor 

Sigrel • ^e,*,l — > Ael" 

It is convenient to represent this situation by a function r from 
{l,...,j} to a two element set {u,v}, with Ai = ^e,*,i if r{i) = u 
and Ai = Af^i if r(z) = v. 

Example 14.2. A typical example is the functor 

which takes (xi, . . . , xj) to 

f Sigj.ei(a;4 Kl 0:3) (g) X7 (g) Sigj,gi(a;6 Kl 0:2 Kl 0:5) (g) Xi, 

where i"^ is the sign that arises from permuting (xi, . . . ,Xj) into the 
order {x4^, X3, X7, xq, X2, x^, Xi) . In Definition I14.4( iv) we will represent 
such a functor by a surjection h which keeps track of which inputs go 
to which output factors and a permutation 77 which keeps track of the 
order in which the inputs to each Sigj.gi factor are multiplied. In the 
present example h is the surjection {1, . . . , 7} — )■ {1, 2, 3, 4} with 

h'\l) = {3, 4}, h-\2) = 7, h'\3) = {2, 5, 6}, h~\A) = 1 

and rj is the permutation (256) (34). 
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In order to get the signs right we need a prehminary definition. 
Definition 14.3. (i) For totally ordered sets Si, ... , Sm, define 

n 

Us, 

i=l 

to be the disjoint union with the order relation given as follows: s < t 
if either s E Si and t G Sj with i < j, or s,t E Si with s < t in the 
order of Si. 

(ii) For a surjection 

h: {!,...,]} ^{l,...,m} 

define 6{h) to be the permutation 

here the first map restricts to the identity on each h~^{i) and the second 
is the unique ordered bijection. 

In Example 114. 2[ 9{h) takes 1, . . . , 7 respectively to 7, 4, 1, 2, 5, 6, 3. 

Definition 14.4. Let j > and let r : {l,...,j} — )• {u,v}. Let Ai 
denote Ae,*,i if r{i) = u and A^^^ if r{i) = v. 
(i) Let I < m < j. A surjection 

h: {l,...,j}^{l,...,m} 

is adapted to r if r is constant on each set h^^[i) and h is monic on 

(ii) Given a surjection 

h: {l,...,j}^{l,...,m} 
which is adapted to r, define 

by 

h^{xi,...,Xj) = {i'yi,...,y^), 

where f is the sign that arises from putting the objects xi, . . . ,Xj into 
the order xg(^h)-^i), ■■■, xe{h)-^{j) and 

^ rSigj,ei(Kieft-i(i) xi) if h-'^{i) C r-^{u), 
\xh-\i) \ih-^{i) er-^{y). 

(iii) A datum of type r is a pair 
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where h is a surjection which is adapted to r and rj is an element of Ej 
with the property that h o rj = h. 
(iv) Given a datum 

d = {h,r]), 

of type r, define 

dm: AiX ■■■ X Aj -^ ^fei 
to be the composite 

AiX---xAj ^ Ar,-i{l)X---xA^-^j) = AiX---xAj -^ (^fel)""" ^ -^feb 

where rj permutes the factors with the usual sign. 

We also need natural transformations between the functors d^. First 
observe that the cross product gives a natural transformation from the 
functor 



to the functor 



(A \x^ K A ^^g'^'^S A^ 



Combining this with the symmetric monoidal structures of Ae,*.i and 
Af^i, we obtain a natural transformation dg — )■ dg whenever d < d', 
as defined in: 

Definition 14.5. For data of type r, define 

{h,v)<{h',v') 
if each set ri~^{h^^{i)) is contained in some set r/'" {h'~ (/)). 

Our next definition is analogous to Definition l6.6l (the presence of the 
letter v in the symbols Pr-^v and 0(r; v) will be explained in a moment). 

Definition 14.6. Let r : {1 . . . , j} — )■ {u^v}. 

(i) Let Pr-^v be the preorder whose elements are the data of type r, 
with the order relation given by Definition 114. 5[ 

(ii) Define an object 0(r; v)k of S^ssfc by 

(0(r; V)k)r. = MaPp,eorder(f^(A"), Pr;v) + 

(where the + denotes a disjoint basepoint); the morphisms in (A°^:)^^ 
act in the evident way, and the morphisms of the form (a, id) with 
a G Sfc act by permuting the factors in A". 

(iii) Define 0(r; v) to be the object of B with fc-th term 0(r; v)k- 
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Remark 14.7. (i) Given r : {1 . . . , j} — ;■ {u,v}, let m = \r^^{v)\ + 1, 
let 

h: {!,...,]} ^{l,...,m} 

be any surjection which is adapted to r, and let e be the identity 
element of Sj. Then the datum {h,e) is > every element in P^-v 

(ii) Lemma [10.3I shows that each of the objects 0(r; v)k has compat- 
ible degeneracies and is weakly equivalent to a point. 

We also need a preorder corresponding to the family of functors 

Notation 14.8. Let ru{j) (resp., ry{j)) denote the constant function 
{1, . . . ,j} —7- {u,v} with value u (resp., v). 

Definition 14.9. Let r : {1 . . . , j} — )• {u, v}. 

(i) If r = r„(j), let Pr-u be the set Sj with the preorder in which 
every element is < every other, and let 0(r; u)k be the object 0{j)k of 
Definition 16.61 

(ii) Otherwise let Pr-u be the empty set and let 0{r;u)k be the mul- 
tisemisimplicial set with a point in every multidegree. 

(iii) In either case, let 0{r]u) be the object of B with k-th term 
0(r;u)fc. 

In the next section we will use the objects 0{r;v) and 0{r;u) to 
construct a monad. In preparation for that, we show that the collection 
of preorders Pr-v and Pr-u has suitable composition maps. Specifically, 
we show that it is a colored operad (also called a multicategory) in the 
category of preorders. 

We refer the reader to |EM06t Section2] for the definition of mul- 
ticategory; we will mostly follow the notation and terminology given 
there. In our case there are two objects u and v, and we think of a 
function r : {1, . . . , j} — )• {u, v} as a sequence of u's and f 's. 

Remark 14.10. Let r : {1, . . . , j} — )• {u,v} and let Ai denote ^e,*,i 
if r{i) = u and A^^^ if r{i) = v. Let us write Ar for the category 
Ai X ■ ■ ■ X Aj and Ar-u (resp., Ar-v) for the category of functors Ar — )• 
Ae,*,i (resp., Ar — )• Af^i). Then the objects Ar-u and Ar-v form a 
multicategory (with the obvious Ej actions and composition maps). 
Moreover, Definitions I3.5( ii) and ll4.4T iv) give imbeddings 

^'^r-,u ■ -'■ r-,u ~ •^^r-,u 

and 

$ ■ p _> /l 
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The following definitions are chosen so that these imbeddings preserve 
the Sj actions and the composition operations. 

We define the right S^ action on the collection of j-morphisms as 
follows. Let a G Sj and r : {1, . . . , j} — )■ {u,v}. Define r" to be the 
composite 

If r = ru{j) then r"" = r and the map 

is the right action of Sj on itself. If (/i, if) G Pr^v define (/i, rj)a & Pr'^-v to 
be (/loa, a'^orjoa), where a G Sj is the permutation whose restriction 
to each a^^h^^{i) is the order-preserving bijection to h^^{i). 

We define the composition operation as follows. If the compo- 
sition involves only Pr^uS then it is the composition in the operad 
M of |May72i Definition 3.1(i)]. Otherwise let i,ji,...,ji > 0, let 



r : {1, . . . ,i} — )■ {u,v}, and for 1 < / < i let r; : {1, . . . , j;} — )• {u,v}; 
assume that if r(/) = u then ri is ru{ji)- Let (/i, r/) G P^;!. and for 
1 < / < i let Xj G Pri-r{i)- If ^(0 — "^ then x; has the form [hi^rji), 
otherwise xi is an element rji G Sj^ and we write hi for the map 
{!,... , j;} — 7- {!}. Define the composition operation F by 

(14.1) T{{h,r^),x^,...,xi) = {H,e), 

where H is the multivariable composite ho(^hi, . . . ,hi) and 6 is the com- 
posite ■jMiv^Vi^ ■ ■ ■ yVi) ill the operad Ai of [May 72 [ Definition 3.1(i)]. 



Proposition 14.11. With these definitions, the collection of preorders 
Pr-u and Pr;v is a multicategory. 

Proof. This is immediate from Remark 114.101 D 

15. A MONAD IN fi X B 
In this section we construct a monad in fi x fi which acts on the pair 

(R-e,*,l,R-rel)- 

Definition 15.1. Let j > and let X, Y G fi. 

(i) For a G S^ and r : {1, . . . , j} — )■ {m, f }, define 

a:@{r-v) ^0(r";t;) 

by 

(a(a))(cr) = (a(cr))a 

where a G Mappj,eorder(f^(^")5 -Pr;^)+ and a G f/(A"). 
(ii) Define 

(X,Y)^^ = Zi®---®Z„ 
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where Zj denotes X if r{i) = u and Y if r{i) = v. 
(iii) For a G Sj define 

a : V 0(r; v) A (X, Y)®'^ ^ ^ 0(r; t;) A (X, Y)®'' 

r r 

to be the map which takes the r-summand to the r"-sunimand by 
means of the map 

0(r; v) A (X, Yf' ^ 0(r"; v) A (X, Y)®^". 

Note that the maps a give \/^0{r]v) A (X, Y)®'" a right Sj action. 
Recall Notation ITI^Sl 

Definition 15.2. (i) Define a functor 0:fixfi^6x6by 

0(X,Y) = (0i(X),02(X,Y)), 

where 

Oi(X) = \/(0(r„(j);w)AX®^)/S, 
i>o 
and 

02(X,Y) = \/V(0(^5t;)A(X,Yr)/S,. 

(ii) Define a natural transformation 

t: (X,Y)^0(X,Y) 
to be (ii, ^2), where ti is the composite 

X ^ S A X = 0(r„(l);M) A X -^ 0(X) 
and i2 is the composite 

Y ^ S A Y = 0(r^(l); t;) A Y -^ 0(Y). 

For the structure map /i : OO — )■ O we need a composition opera- 
tion for the collection of objects 0(r; u) and 0(r; f ). Recall Definition 
I14.3( i) and the map F defined in Equation (114. ip . 

Definition 15.3. Let i,ji, . . . , jj > 0, let r : {1, . . . , z} — )• {u, v}, and 

for 1 < / < i let ri : {1, . . . ,ji} — )■ {u, f }; assume that if r(/) = u then 
ri is ruiji). Let 

R- {i,---,X1jJ->{m,^} 

be the composite 

i 

{l,...,5^j,}-]J{l,...,j,}^Kt;}, 
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where the first map is the unique order-preserving bijection and the 
second restricts on each {1, . . . , j;} to r^. Define a map 

7 : 0(r; v) A (0(ri; r(l)) ® • ■ ■ ® ©(n; r{i))) -> 0{R; v) 

in B by the formulas 

7(aA[e, 6i A. . . A6,])((Ti x ■ ■ ■ x cii) = r(a(cri x ■ ■ -xa^), 6i(ai), . . . , 6i(cr,)) 

(where e is the identity element of the relevant symmetric group) and 

7(a A [a, 6i A ... A bi]) = (a, id)=^7((Q;~\ id)*a A[e,bi A . . . Ah]). 

This operation satisfies the analogues of Lemmas \7.'2\ \7.5\ and 17.71 
Now we can define 

/^ : OO ^ O 

to be (/ii,yU2), where /ii is given by Definition 17. 8( iv) and /i2 is defined 
in a similar way using Definition 115.31 

Proposition 15.4. The transformations fi and l define a monad struc- 
ture on o. n 

We conclude this section by giving the action of O on the pair 
(Re,*,i,Rfei)- Recall Remark [Ilini 

Definition 15.5. Let ki, . . . ,kj he non-negative integers and let n^ be 
a /cj-fold multi-index for I < i < j. Let r : {1, . . . ,j} — )■ {u, v}, and for 
1 < ^ < j let prCj denote preg ^, i if r{i) = u and pref^j if r{i) = v. For 
any map of preorders 

a:[/(A"^ X ■■■X A"0 -> P,;^ 

define 

a, : pret^A"!) x ■ ■ ■ x pre^^^(A"0 -^ (pre^i)'''^ ■^'''(^^"''■■■'"'^) 
by 

a^{Fi, . . .,Fj){(Ti X ■■ ■ X aj,oi X ■■ ■ X Oj) 

= i'(^)<l>^,;^(a(ai X ■ ■ ■ X (Tj))(Fi((Ti,oi), . . . ,Fj{aj,Oj)), 

where ( is the block permutation that takes blocks bi, . . . , hj, Ci, . . . , 
Cj of size ki, . . . , kj, dimo"i, . . . , dimcij into the order bi, Ci, . . . , b^, 

c,. 

Lemma 15.6. If F^ G adf'(A"0 for I < i < j then a,(Fi, . . . ,Fj) G 
(adfj'=i+-+'=^(A("i'-'"^)). 



42 GERD LAURES AND JAMES E. MCCLURE 

Proof. This is a straightforward consequence of the fact that the natural 
transformation from the functor 

{A,.,,r ^^^^ {Air ^ Ai, 



to the functor 



(A ^x' S il ^'''^"=\ A^ 



given by the cross product is a quasi-isomorphism. D 

Definition 15.7. Let j > and let r : {1, ■ ■ ■ ,j} — )■ {u,v}. Define a 
map 

0, :0(r;i;)A(Re,*,i,RL)'"'^Rfei 
in 6 by the formulas 

(j)r{a A [e, Fi A ■ ■ ■ A Fj]) = a^Fi A • • ■ A Fj) 

(where e denotes the identity element of the relevant symmetric group) 
and 

(f)r{a A [a, Fi A ■ ■ • A Fj]) = (a, id)*0.r((a"\ id)*a A [e, Fi A ■ ■ • A Fj]). 
Next observe that the maps (pr induce a map 



(15.1) (V (0(r; v) A (Re,*,i, R^)^^) /^j ^ ^ 



z 

rel 



for each j > 0. We define 

Z/:0(Re,*,l,Rfel)^(Re,*,l.Rfel) 

to be the pair (z/i,z/2), where z/i is given by Definition 17.101 and 1^2 is 
given by the maps 015.11) . 

Proposition 15.8. u is an action of O on (Re,*,i, Rf^j). 

Proof. This is a straightforward consequence of Remark 114.101 D 

16. A MONAD IN S5ss X S5ss 

First we give 0(r; f ) A(X, Y)^'' the structure of a multisemisimplicial 
symmetric spectrum when X, Y G B. The definition is analogous to 
Definition Ell Recall Definition |631 

Definition 16.1. Let j, k > 0. Let s be the 1-simplex of S^. Define 

cu:S'a (0(r; v) A (X, Y)^^)^ ^ (0(r; v) A (X, Y)^Ofc+i 
as follows: for a G {0{r;v)k)n and x G (((X, Y)^'')fc)n, let 
u{s A (a A x)) = (a o n) A u{s A x). 
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Definition 16.2. Define a functor P:fixfi— )-f5xf5by 

P(X,Y) = (Pi(X),P2(X,Y)), 



wliere 



and 



Pi(x) = \/(0K(j);^)AX^^)/s, 



i>o 



P2(x, Y) = V (V (0(^; ^) ^ (X, Y)^^) /s, . 

j>0 r 

Tlie proof that P inherits a monad structure and an action on 
(Re,*,i, Rfei) i^ the same as the corresponding proof in Section [SI 

For use in the next section we record a lemma. Let C be the category 
whose objects are triples (X, Y, /), where X and Y are monoids in EiSss 
and / is a map X — )■ Y in EiSss which is not required to be a monoid 
map; the morphisms are commutative diagrams 

X ^X' 

/ /' 

Y -Y', 

where the horizontal arrows are monoid maps. 

Lemma 16.3. (i) There is a functor T from P algebras to C which 
takes (X, Y) to a map X — )■ Y; in particular, X and Y have natural 
monoid structures. 

(ii) T(Re^*_i, Rfgj) is the map 

Sigrel • R-e,*,! -^ Rreb 

where Re * i and Rfg^ have the monoid structures given by Lemma 



Proof. Recall Notation 114. 8^ and let e denote the identity element of 



S,. 



Part (i). The map / : X — ^ Y is the composite 

X = S A X = 0(r„(l); v)AX^ P2(X, Y) -^ Y. 



The monoid structure on X is given by Lemma 18. 8t it remains to 
give the monoid structure on Y. It suffices to give an action on Y of 
the monad A defined in the proof of Lemma 18.81 and for this in turn 
it suffices to give a suitable natural transformation A — )■ P2. 

For each j > let Hq be the identity map of {1, . . . ,j}. Then Hq is 
adapted to rj,(j), so we obtain an element {ho,e) G Pr^(^j)-y. 
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For each j,k > and each fc-fold multi-index n, define an element 

bj,k,n G {&iry{j);v)k)n 

to be the constant function f/(A") — )■ Pr^{j)-v whose value is {hQ,e). 
Next define a map 

by taking the nontrivial simplex of (Sfc)n to bj^k,n- 
Now the composite 

A(Y) = Y Y^-'' ^ Y S A Y^^' 
i>o i>o 

^V(V(0(^'^)/^(X>Y)"^)/S,=P2(X,Y) 

i>0 r 

is the desired map. 

Part (ii) is an easy consequence of the definitions. D 

17. Rectification 

In this section we prove Theorem II. 3[ The argument is analogous to 
that in Section [TOl 

First we consider a monad in TiSss x S5ss which is simpler than P. 

Definition 17.1. (i) Define r(X, Y) to be 

j>0 j>0 r 

(ii) For each j > and each r : {1, . . . , j} — )■ {u, v}, let 

e, :0(r„(j);«)^S 

and 

Cr:0{r-v)^S 
be the maps which take each nontrivial simplex of the k-th object to 
the nontrivial simplex of Sk in the same multidegree. Define a natural 
transformation 

H : P ^ P' 

to be the pair (Si, S2), where Si is the wedge of the composites 
(0(r„(j);w) A X^^-)/S.- ^ (S AX^^-)/S, ^ X^VS,. 
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and S2 is the wedge of the composites 

(V0(r;^)A(X,Yr)/S, Vi:^ 



\/SA(X,Yr)/E, 

r 



Proposition 17.2. (i) An algebra over P' is the same thing as a pair 
of commutative monoids (X, Y) in T^S^s together with a monoid map 
X^ Y. 

(ii) E is a map of monads. 

(iii) Suppose that each X^ and each Yk has compatible degeneracies 
(see Definition \9.1\) . Let P*^ denote the q-th iterate of P. Then each 
map 

E : P«(X, Y) -^ P'P''-^(X, Y) 

is a weak equivalence. 

Proof. Part (i). Let (X, Y) be an algebra over P'. The fact that X and 
Y are commutative monoids is immediate from the definitions. The 
map / : X — > Y is constructed as in the proof of Lemma [16.3( i). 

To show that / is a monoid map, we first observe that there are two 
inclusions of X^-' into P2P'(X, Y). Let ii be the composite 

x^i ^ p;(x) ^ p^r(x, Y), 

where the second arrow is the inclusion of the summand indexed by 
j = l,r = ru(l). Let ^2 be the composite 

X^J -> P'2(X, Y)^^' ^ P^r(X, Y), 

where the first arrow is the j-fold smash of the inclusion of the ^^(l) 
summand, and the second arrow is the inclusion of the r^lj) summand. 
Consider the commutative diagram 

X^i = ^ X^^' 



P'2r (X, Y) -—^ P'2(X, Y) 




X 



-P2(X,Y) 



Y. 



Let H denote the composite of the right-hand vertical arrows. Then 
the diagram shows that the composite 

(17.1) X^^' ^ X 4 Y 
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isH. 



Next consider the commutative diagram 

X^i = ^ X^J' 



fAj 




Y^-?' 



r2r(x,Y) 



n{x,Y) 



mx,Y) 



Y. 



This diagram shows that the composite 

(17.2) X^^' ^ Y^^' -^ Y 

is also H. Therefore the composites (117.11) and (117.21) are equal as 
reqired. 

Part (ii) is immediate from the definitions, and the proof of part (iii) 
is the same as for Proposition 110. 2( iii) (but using Remark ll4.7( ii)). D 

Proof of Theorem \1.3[ The proof follows the outline of the proof of 
Theorem ll.il (given in Section [TU]) : we refer the reader to that proof for 
some of the details. We have a diagram of simplicial P-algebras 

(Re,.,i,R|i). ^ i?.(P,P, (Re,.,i,Rfei)) ^ B,{r,F, (R^,,,!, Rfj). 

By Lemma 116.31 this gives a diagram 
(17.3) 



(Re,*,ly 



(Si). 



5.(Pi,P,(Re,*,l,Rfel))-^fi. 



"ijP, (R-e.^.bRrel)) 



(=2) 



B.{F2, P, (Re,*,l, Rfel)) ^^^ ^.(^2, P> (^e,*,!, Rfel)), 



in which all objects are simplicial monoids and all horizontal arrows 
are monoid maps. By Proposition 117. 2( i) . the right column is a simpli- 
cial monoid map between simplicial commutative monoids. Moreover, 
each map e is a homotopy equivalence of simplicial objects, and (using 
Proposition I17.2( iii)) (Si), and (S2), are weak equivalences in each 
simplicial degree. 
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The objects of the diagram f ll7.3p are simphcial objects in T,Sss- We 
obtain a diagram 
(17.4) 

|(Re,.,l).| -^ |5.(Pl,P, (Re,*,l,Rfel))| '^^' \B.{n,F, (R^,.,!, RfJ) | 



|Sig, 



TCI I 



\e\ 



l(S2).| 



|(Rf„).| -^— |5.(P2,P, (Re,*,i,Rfei))l ^^ \B.{n,F, (R,,.,i,RfJ)| 

of simphcial objects in EiS (the category of symmetric spectra) by 
applying the geometric realization functor SiSss — )• SiS to the diagram 
(I17.3P in each simphcial degree. All objects are simphcial monoids 
and all horizontal arrows are monoid maps, and the right column is a 
simphcial monoid map between simphcial commutative monoids. The 
maps \e\ are homotopy equivalences of simphcial objects and the maps 
I (Si) • I and I (Si) • | are weak equivalences in each simphcial degree. 
Finally, we apply geometric realization to the diagram (I17.4p . We de- 

fineAtobe||S.(Pi,P,(Re,.,i,RfJ)||,Btobe||5.(P2,P,(Re,*,i,R.?ci))ll 

Ctobe||5.(P'i,P,(R,,,,i,RfJ)||,andDtobe||5.(P'2,P,(Re,*,i,Rfei))ll 
This gives the diagram of Theorem 11.31 D 

Remark 17.3. The symmetric ring spectrum C is the same as the 
symmetric ring spectrum Mg°™™ given by Theorem 11.11 There is a 
ring map 

which is a weak equivalence (because there is a commutative diagram 
whose first row is Diagram (110. 3p and whose second row is the second 
row of the diagram in Theorem 1 1.3p . 

18. Improved versions of geometric and symmetric 

poincare bordism. 

In order to state our next theorem we need some background. 

Let SiS denote the category of symmetric spectra. 

Recall (from |LMt Definition 13.2 (i) and the second paragraph of 
Section 19]) the strict monoidal category T whose objects are the triples 
(vr, Z, w), where vr is a group, Z is a simply-connected free vr-space, and 
u; is a homomorphism vr — )■ {±1}. There is a monoidal functor 

which takes {7t,Z,w) to NL^^zw ([LM, Definition 19.1 and Theorem 
19.2]). 

Let TZ be the category of rings with involution. There is a functor 
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which takes R to M^j (we used the symbol Mgym for a different but 
related functor in [LMj Section 19]). The proof of ((LMl Theorem 19.2]) 
shows that Mgym is monoidal. 

There is a functor p : T ^ TZ which takes {7t,Z,w) to Z[tt] with 
the w-twisted involution ([LMl Definition 13.2(ii)]). In Section [T3] we 
constructed a natural transformation 

Sigrel : Mgeom "> Mgym O p. 

Now Sigj.gi is not a monoidal transformation, and Mgeom and Mgym 
are not symmetric monoidal functors (we recall the definitions of 
monoidal transformation and symmetric monoidal functor below). Our 
next result shows that there is a monoidal transformation between sym- 
metric monoidal functors which is weakly equivalent to Sig^.^!. 

Theorem 18.1. There are symmetric monoidal functors P : T ^^ T,S, 
Lsym : TZ — ;■ S5, and a monoidal natural transformation Sig : P — )■ 
Lsym o P such that 

(i) P is weakly equivalent as a monoidal functor to Mgeom/ specif- 
ically, there is a monoidal functor A : T — ?■ SiS and monoidal weak 
equivalences 

Mgeom ^ A ^ p. 

(ii) Lsym is weakly equivalent as a monoidal functor to Mgym/ specif- 
ically, there is a monoidal functor B : 7^ — ^ S5 and monoidal weak 
equivalences 

Mgym -^ B — )• Lsym. 

(iii) The natural transformations Sig : P — )• Lsym ° P <ind Sigj.ei : 
Mgeom -^ Msym ° p dfc wcakly equivalent; specifically, there is a natural 
transformation A — t- B o p which makes the following diagram strictly 
commute 



iVlgeom "* -^ *" -T 



Sigrol 



Sig 



Msym O p ^ Bop ^ Lsym O p. 

Remark 18.2. (i) It is perhaps worth mentioning that there is no such 
thing as a symmetric monoidal transformation, just as there is no such 
thing as a commutative homomorphism between commutative rings. 

(ii) Theorem 118.11 implies that Lsym(-R) is a strictly commutative 
symmetric ring spectrum when R is commutative. Also, P(e, *, 1) is a 
strictly commutative symmetric ring spectrum and Sig : P(e, *,1) — ;■ 
Lsym(^) is a map of symmetric ring spectra. This is compatible with 
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Theorem 11.31 there is a commutative diagram 

C^P(e,*,l) 



D 



SiB 



--sym 



;z) 



in which the horizontal arrows are ring maps, and they are weak equiv- 
alences by the argument given in Remark 117. 3[ 

(iii) The fact that Sig is a monoidal functor is a spectrum-level ver- 
sion of Ranicki's multiplicativity formula for the symmetric signature 
( [RanSOb] Proposition 8.1(i)]). It seems likely that his multiphcativity 
formula for the surgery obstruction ( |Ran80bt Proposition 8.1(ii)]) can 
also be given a spectrum-level interpretation. 

We recall the definitions of symmetric monoidal functor and 
monoidal transformation. The theorem says that Lsym (and similarly 
P) is a monoidal functor with the additional property that the diagram 



-"syni 



{R)AL,,^{S) 



,(5)AL,y^(i?) 



-"sym 



{R®S) 



,{S^R) 



-^symV-^/ ' ^ -^symV-'^/ -^syinV 

strictly commutes. Moreover, Sig has the property that the diagrams 

S 



P(e,*,l 




■L'syml'^) 



and 



p(7r, z, w) A p(7r', z', wf^^^^un^f) A UyUn^^r'] 



Lsy^lZH-^ZiTrr') 



P(7rx Tr',Z X Z',ww') 
strictly commute. 



Sig 



-•sym 



;Z[7r X vr' 



19. Proof of Theorem 118.11 



The proof is a modification of the proof of Theorem II. 3( the main 
difference is that we need more elaborate notation. 
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Notation 19.1. (i) For an object x of T or 7^, write Ax for tlie corre- 
sponding Z-graded category and R^^ for the associated object of T,Sss- 
(ii) Given a j-tuple {xi, . . . ,Xj), where each Xj is an object of T or 
TZ, write 

[Xi, . . . , Xj\ 

for yi (g) • ■ ■ (g) yj, where y, is Xj if Xi is an object of TZ and p(xj) if Xi is 
an object of T. 

(iii) Given a j-tuple (/i, . . . , /j), where each /j is a morphism in T 
or 7?., write 

for (7i (g) ■ ■ ■ (g) (yfj, where (/j is fi if /j is a morphism in TZ and p(/j) if /« 
is a morphism in T. 

The reader should see Proposition I19.11( i) below for motivation for 
the following definitions. 

Definition 19.2. (i) Let y be an object of T. An entity of type 
ij'u{,i),y) is a j + 1-tuple (xi, . . . ,Xj, /), where / is a morphism in 
T from xiM ■ ■ -Mxj to y. 

(ii) Let £ru{j),y denote the set of entities of type {ru{j),y). 

(iii) Let z be an object of TZ and let r : {1, . . . , j} — ?■ {M,f} be a 
function. An entity of type (r, 2;) is a j + 1-tuple (xi, . . . , Xj, /), where 
each Xi is an object of T or 7^ and / is a morphism in TZ from [xi, . . . , Xj] 
to z. 

(iv) Let Sr^z denote the set of entities of type (r, z). 

Notation 19.3. (i) Let & denote the union of the set of objects of T 
and the set of objects of 7Z. 

(ii) Let nSiSss be the infinite product of copies of SiSss, indexed over 
6. 

We will define a monad in IISiSss. 

First we need to define the relevant right Sj actions. Recall Defini- 
tion [IO(i). 

Definition 19.4. Let {^x}x£6 be an object of IISiSss and let j > 0. 
(i) Given an object y of T and a G Sj, define a map a from 

Y 0(r,(j);M)A(X,, A---AX,J 

(xi,...,XjJ)€£r^{j),y 

to itself to be the map which takes the summand indexed by 
(xi, . . . , Xj, /) to the summand indexed by (xq,(i), . . . , Xa(i), / o a) by 
means of the map 

0(r„(j);M)A(X,.,A---AX,,)^0(r„(j);M)A(X,.^(^,A---AX,^(^,,). 
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(ii) Given an object z oi TZ and a G Sj, define a map a from 
V V 0(r;t;)A(X,, A---AX,J 

r {xi,...,Xj,f)e£(^r^^f 

to itself to be the map which takes the summand indexed by 

{xi, . . . ,Xj, f) G S(r,z) to the summand indexed by {xa{i), • • • , ^^(i), / o 
a) G S(^r°',z) by means of the map 

0(r; v) A (X., a ■ ■ ■ A X.J ^ 0(r°; t;) A (X.^^^, A ■ • • A X.^^^.,). 

Note that this definition gives right Sj actions on the objects men- 
tioned. 

Definition 19.5. Let {X^j^g© be an object of IISiSss. 
(i) Given an object y of T, define 

to be 

V V 0(r„(j);w)A(X.,A---AX.j)/S,. 

j>0{(xi,...,x,,f)e£r^i^,)^y 

(ii) Given an object z of TZ, define 

to be 

V(V V 0(r;t;)A(X.,A---AX.j)/S,. 

(iii) Define P : HSiSss — )■ HSiSss to be the functor whose projection 
on the y factor (where y is an object of T) is Pj^ and whose projection 
on the z factor (where z is an object of TZ) is P^. 

Definition 19.6. Let {^x}xe& be an object of HEiSss- 
(i) For an object y of T, define 

Ly : 'Ky — 7> ¥y{{X.x}xee) 

to be the composite 

X, = S A X, = 0{r^{iy,u)AXy ^ Pj,({Xj,ee), 

where the last map is the inclusion of the summand corresponding to 
the entity {y, id). 

(ii) For an object z of TZ, define 

t'z '■ X^ — )■ P^dX.j.gg) 
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to be the composite 

X, = S A X, = 0(r,(l); v)AXy^ P,({Xj,e6), 

where the last map is the inclusion of the summand corresponding to 
the entity {z, id), 
(iii) Define 

to be the map whose projection on the y factor (where y is an object 
of T) is Ly and whose projection on the z factor (where z is an object 
of TV) is Lz- 

In order to define the structure map /i : PP — > P we need a compo- 
sition operation on entities. For part (ii) we use Notation I19.1( iii) and 
the notation of Definition 115. 3[ 

Definition 19.7. Let i > 0, and for each / with 1 < I < i let ji > 0. 

(i) Let y be an object of T and let 

e = [Xi, . . . , Xi, J ) t ^ru{i),y 

For each / with 1 < / < i let 

e, - fa;^'^ x^'^ f^'h G £ ,-, 

<=/ — \-^i 1 ■ ■ ■ i-^ji 1 J ; C <--ru{ji),xr 

Define 

eo (ei,. . .,ei) G £ruUi+-+h},y 
to be 

where g is the composite 

xS^) ^ ■ ■ ■ ^ 4f /'-'^-^/'-'^ xi ^ ■ ■ ■ ^ a;. A y. 
(ii) Let z be an object of 7?., let r : {1, . . . , -i} — )■ {u, v}, and let 

e (^3^1) • • • ) Xi, / j fc ^r,2- 

For each / with 1 < / < z let r^ : {1, . . . ,ji} — > {u, v}; assume that if 
r(/) = u then r; is ru{ji). Let 

Define 

eo (ei,...,ei) G £^r,^ 

to be 

where g is the composite 

r (1) Wl [/'''v-J«l r 1 / 

[x\\..., X};J ¥ [Xi,...,Xi\^ Z. 
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Now we can define /j, : PP -^ P. We begin with the projection on the 
y-factor, 

fiy : P^P -^ Fy, 

where y is an object of T. A collection of entities e, ei, . . . , e^ as in 
Definition 119.7^ 1) determines a summand 



0{ru{ty, u) A (0(r„(ji); u) A (X (d A ■ ■ ■ A X m)) A ■ ■ 
V 1 n 

in FyF{{X.x}xe6)- We define the restriction of fiy to this summand to 
be the map to the summand of Py({X^}a.g6) indexed by eo (ei, . . . , Sj) 
which is induced (after passage to quotients) by the composite 



0(r^2); u) A (^(0(r„(ji); u) A (X^(i) A ■ ■ ■ A X^a,)) A ■ ■ 

'0{ru{iy, u) A (0(r„(ji); m) ® ■ ■ ■ )) A (X^(i) ® ■ ■ ■ ® X^^; 



^ 0(rn(ji + ■ ■ ■ + Ji); n) A (X (1) ® ■ ■ ■ ® X „). 

The projection of yU on the z factor (where z is an object of TZ) is 
defined similarly (using Definition 115. 3p . 

Next we give the action of P on the object {R^.}^ge- Let y be an 
object of T and let (xi, . . . ,Xj, f) be an entity of type {ru{j),y)- A 
slight modification of Definition 16.91 gives a map 

0(r„(j); u) A (Rx, A ■ ■ • A R^.,) ^ R^..^^-..^^., 

and composing with the map induced by / gives a map 

(19.1) 0(r„(j); u) A (R,, A ■ ■ • A R,J ^ R^. 

We define 

to be the map whose restriction to the summand indexed by 
{xi, . . . ,Xj, f) is the map (119.11) . We define 

^z '■ ^zi{R'x}xe&) -^ R-z 
similarly when z is an object of TZ (using a slight modification of Defi- 
nition 115. 7p , and we define 

z/ : F{{Rx}x£e) -^ {RzjxGe 
to be the map with projections Uy and z/^. 

Lemma 19.8. u is an action o/P on {Rj-j^g©. D 
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Now we need the analogue of Lemma I16.3[ Let C be the category 
whose objects are triples (F, G,t), where F is a monoidal functor 
T — )■ SiSss, G is a monoidal functor TZ -^ SiSgg, and t is a natural 
transformation F — )■ G o p which is not required to be a monoidal 
transformation; the morphisms are commutative diagrams 



F ^F 



G o p — ^ G' o p, 

where the horizontal arrows are monoidal transformations. 

Let us write Rgeom (resp., Rsym) for the functor T — ;■ S5ss (resp., 
TZ — )■ SiSss) which takes x to R^^. 

Lemma 19.9. (i) There is a functor T from P algebras to C which 
takes {X.x}xe6 to a triple (F, G,t) with F{y) = X.y and G{z) = X^. 
(ii) T({R^}a,ge) is the triple 

Proof. Part (i). Let {X.x}xee be a P algebra. Define a functor 

F:r^S5ss 

on objects by F{y) = Xj^ and on morphisms by letting F(/ : y ^ y') 
be the composite 

X, ^ 0(r„(l); n) A X, -^ P.'dXj.ee) ^ X,,, 

where the unlabeled arrow is the inclusion of the summand indexed by 
the entity (?/, /). We define 

G : 7^ ^ S5ss 

similarly. The proof that F and G are monoidal functors is similar 
to the argument, in the proof in Lemma 116. 3( i). that X and Y are 
monoids. 

It remains to give the natural transformation 

t : F ^ G o p. 
For an object y of T, let ty be the composite 

X, = 0(r„(l); i;) A X, ^ Pp(,)({Xj,e6) ^^ ^p{y). 
where the unlabeled arrow is the inclusion of the summand indexed by 
the entity (y, id) G £r^{i),p{y)- To show that t is a natural transforma- 
tion, let / : y — )• y' be a morphism in T, and let z = p{y), z' = p{y'). 
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Let ii be the composite 

X, = 0(r„(l);M)AX, ^ P,,({Xj,e6) = 0(r„(l); t;)APj,,({Xj,e6) 

^ P,,P({Xj,e6), 

where the first arrow is the inclusion of the summand indexed by the 
entity {y, f) and the second is the inclusion of the summand indexed 
by (y', id). Let ji be the composite 

Xy = 0(r„(l);t;) AX,, -^P,,({Xj,ee), 
where the inclusion is indexed by {y', id), and let J2 be the composite 

X, = 0(r„(l);t;) A X, ^ P.^lXj^eg), 

where the inclusion is indexed by {y,p{f)). 
Consider the commutative diagram 



X„ 



X 



F(/) 



P2'P({X^}^ge) ^^z'{{^x}xe6] 



Xy> 



ji 



^z'{{^x}x&&) 



Xv. 



Let H denote the composite of the right-hand vertical arrows. Then 
the diagram shows that the composite 



Xy )■ Xy/ — )■ X^/ 



(19.2) 

isH. 

Let 12 be the composite 

X, ^ 0(r„(l);t;) AX, ^ P.^X^^ee) = 0(r,(l); t;) A P.^X^.^e) 

^ P,,P({X4,e6), 

where the first inclusion is indexed by (y, id) and the second is indexed 
by {z,p{f)). Let j2 be as above and let j^ be the composite 

X, = 0(r,(l);t;) AX, ^ P,({Xj,e6), 

where the inclusion is indexed by {z,p{f)). 
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Consider the commutative diagram 




X 



Fz'f{{X.x}x£e) ^ Pz'd^aijxee) 



X, 



J3 



^z'{{^x}x£e) 



X,,. 



This diagram shows that the composite 
(19.3) 



X„ — >■ X, > X,/ 



is also H, so the composites (119.21) and (119. 3p are equal as reqired. 
Part (ii) is an easy consequence of the definitions. D 

Finally, we have the analogues of Definition 117.11 and Proposition 

[HI 

Definition 19.10. Let {X.x}x£e be an object of IISiSss. 
(i) Given an object y of T, define 

p;({xj.,e) 

to be 

V( V X.,A---AX.^)/S,. 

(ii) Given an object z of TZ, define 

PUiXj.ee) 
to be 

V(V V X.,A---AX.^)/S,. 

j>0 r {xi,...,XjJ)<^e^r,z) 

(iii) Define P' : HZliSss — )■ HSiSss to be the functor whose projection 
on the y factor (where y is an object of T) is P^ and whose projection 
on the z factor (where z is an object of TZ) is P'^,. 



A routine modification of Definition 117. l( ii) gives a natural transfor- 
mation 

S : P ^ P'. 

Proposition 19.11. (i) An algebra overF' is the same thing as a pair 
of symmetric monoidal functors F and G with a monoidal transforma- 
tion F — )■ G o p. 

(ii) E is a map of monads. 
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(iii) Suppose that each (X^.)^ has compatible degeneracies (see Defi- 
nition W^) . Let F'^ denote the q-th iterate o/P. Then each map 

is a weak equivalence. 

Proof. Part (i). Let {^x}xee be an algebra over P'. The fact that F 
and G are symmetric monoidal functors is an easy consequence of the 
definitions. The natural transformation t : F — )■ G o p is constructed as 
in the proof of Lemma [19.9( i). The proof that t is monoidal is similar 
to the proofs of Proposition 117. 2( i) and Lemma [19.9( 1). using the maps 

(where the first inclusion is indexed by (yi, . . . , yj , id) and the second 
by (i/iK---K%-,id)), and 

^2■.Xy,A■■■AXy^^ r^^y^^{{Xx}xe6) A ■ ■ • A F'^^y^^{{Xx}x^e) 

(where the first map is the smash product of the inclusions indexed 
by {yi, id) and the second is indexed by (p(yi), . . . , p{yj), p{yi) (g) ■ • ■ 
p{y,)-^p{yi^---^y,))). 

Part (ii) is immediate from the definitions, and the proof of part (iii) 
is the same as for Proposition 110. 2( iii) (but using Remark 114. 7( ii)). D 

Now the proof of Theorem 118.11 is the same as the proof of Theorem 
11.31 given in Section [T71 with only the notation changed. 

Appendix A. Proof of Theorem 11.21 

It is well known that Thom spectra are commutative symmetric ring 
spectra (see for example |Sch09] : we recall this below). In this appendix 
we show that the Thom spectrum MSTop is weakly equivalent, in the 
category of commutative symmetric ring spectra, to the commutative 
symmetric ring spectrum (MsTop)™™™ given by Theorem 1 1.1[ 

Our first task is to construct the following chain of weak equivalences 
in the category of symmetric spectra. 

(A.l) MsTop A Y ^ X ^ MSTop 

First recall that MSTop has as k-th space the Thom space 
T{STop{k)). The S^ action on T(STop(A;)) is induced by the con- 
jugation action on STop(/i;). 
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For the construction of X we need some facts about multisimplicial 
sets. Given a space Z and fc > 1, let 5'^-muiti^^^ a^^ ^^ fc-fold multi- 
simplicial set whose simplices in multidegree n are the maps A" — )■ Z . 
There is a natural map 

(where | | denotes realization of the underlying multisimplicial set) 
which is a weak equivalence by jAnd ] and the multisimplicial analogue 
of Seg74 , Lemma A. 5]. If Z is a based space, there are natural maps 

and 

defined as follows. Given t G [0, 1], m G A", and g : A" — ;■ Z, let t 
denote the image oft under the oriented afiine homeomorphism [0, 1] — ^ 
A^, and define 

\{tN\u,g\) = [(t,u),sAc/], 
where s is the nontrivial simplex of S^ . Define 

k(s a (7)(t, u) = t A g{u). 
Then the diagram 

(A.2) S|5.^-'""i"(Z)| ^- \S^ A S^,-'^''^'\Z)\ 

\k\ 

\ 

commutes. 

Now let Xk = |5.^-"'^^"(^(STop(fc)))|. We define the Sfc action on 
Xk as follows. For a G S^ and g : A" — t- T{STop{k))), let a{n) = 
(nQ,-i(i), . . . , na-i(k)) and let a{g) be the composite 

^a(n) ^ ^n ^ T(STop(fc)) A T(STop(A;)). 

This makes S'^~™^'*^(T(STop(A;))) an object of S^ssfc, and now Propo- 
sition [5]3] gives the Sfc action on Xk. Next define the structure map 

^Xk — )■ Xk+i 
to be the composite 

S|5.^-°^^i*X^(STop(A;)))| 4 15^ A 5.^^"^^^*X^(STop(A;)))| 

^ |5(fc+i)— iti(ST(STop(A;)))| ^ |Sl'=+^)-'""'*Xr(STop(A; + 1)))|, 
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where the last map is induced by the structure map of MSTop. Let 
X be the symmetric spectrum consisting of the spaces X^. with these 
structure maps. Define /a : X — > Af STop to be the sequence of weak 
equivalences 

|S.^-'^"i"(T(STop(A;)))| ^ T(STop(A;)). 

The commutativity of diagram flA.2l) shows that f^ is a map of sym- 
metric spectra. 

Next let S'^~™"^*'''^(T(STop(fc))) be the sub-multisemisimplicial set of 
5'^^™"^*'(T(STop(A;))) consisting of maps whose restrictions to each face 
of A" are transverse to the zero section. Let Y be the subspectrum of 
X with k-th space |^,^-°^"^"'^(T(STop(fc)))|, and let ^ : Y ^ X be the 
inclusion. 

Lemma A.l. /2 is a weak equivalence. 

Proof. Since St"'''^'''''^{T{STop{k))) and 5.^-"^"^"(^(STop(A;))) satisfy 
the multi-Kan condition, they have compatible degeneracies by 
Proposition 19.51 It therefore suffices to show that the inclusion 
5.^-^"i"'^(r(STop(A;))) C S.^-'^"i"(^(STop(A;))) induces a weak equiva- 



lence on the diagonal semi-simplicial sets, and this follows from |FQ90 



Section 9.6] and the definition of homotopy groups ( |May92 Definition 



3.6]). D 

It remains to construct /i. Let S C T(STop(A;)) be the zero sec- 
tion. First we observe that, if g : A" — t- T(STop(/c)) is a map 
whose restriction to each face is transverse to S, we obtain an element 
F G adsTop(A") by letting F{a,o) be ^'""'^(5') fl a with the orientation 
determined by a. This construction gives a map 



^r"^"'*''lT(STop(A;))) ^ (RsTop; 



k, 



but unfortunately it doesn't commute with the Sfc actions, as the reader 
can verify. To fix this, given g as above and an orientation a of A", let 
m be the numbers rii, . . . ,nk written in increasing order, let 

/3 : A'" ^ A" 

be the map which permutes the factors without changing the order of 
factors of equal dimension, and give A"" the orientation a' determined 
by and /3. Now define 

lnv{g,o)=r'9-\S) 

with the orientation determined by o'. We obtain an element F G 
adsTop(A") by letting F(cr, o) = lnv{g\„, a). This gives a map 

5.'-"^"^*^'^T(STop(A;))) ^ (RsTop)fc 
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in SfcSSfc, and applying geometric realization gives a Sjt equivariant map 
Yfc — ^ (MsTop)fc; we let /i be the sequence of these maps. 

Lemma A. 2. /i is a weak equivalence. 

Proof. For a k-io\d multisemisimplicial set A, let A' be the semisimpli- 
cial set whose n-th set is Ao,...,o,n- There is an evident map 

0: \A'\ -> \A\. 

If A is 5,^""^"i*'(Z), then A' is 5.(Z), and if A is i?fc then A' is 
the semisimplicial set Pk of |LM[ Definition 15.4(i)], with realization 
(QsTop)fc ( |LMt Definitions 15.4(ii) and 15.8]). Now we have a commu- 
tative diagram 

(MsTop)fc Yk Xk T(STop(fc)) 



(QsTop). -^ mT{STop{k)))\ -^^ |5.(T(STop(A;)))| ^^ T(STop(fc)) 

Here g^ is the usual weak equivalence, and g2 is a weak equivalence by 
|FQ90 Section 9.6] and the definition of homotopy groups ( |May92 



Definition 3.6]), so 02 is a weak equivalence, gi was shown to be a 
weak equivalence in [LMl Appendix B], and 0i was shown to be a 
weak equivalence in |LMt Section 15], so /i is a weak equivalence as 
required. D 

This completes the construction of diagram (JA.ll) . 
Next we recall that MSTop is a commutative symmetric ring spec- 
trum with product 

r(STop(A;)) A T(STop(/)) ^ T(STop(A; + /)). 

X is also a commutative symmetric ring spectrum, with the product 

|^.^-"^^'*X^(STop(A;)))| A |S.^-"^^'*X^(STop(/)))| 
^ \S(''+i)-^^^^i^T{STop{k))AT{STop{l)))\ -^ |5i'=+')-'""'*X^(STop(A:+/)))|, 

and Y is a commutative symmetric ring spectrum with the product 
it inherits from X. The maps /2 and /s are maps of symmetric ring 
spectra, so to complete the proof of Theorem II. 2[ it suffices to show 

Lemma A. 3. (MsTop)'^°™™ o,nd Y are isomorphic in the homotopy 
category of commutative symmetric ring spectra. 

The remainder of this appendix is devoted to the proof of Lemma 
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Let W denote the multiseinisimplicial spectrum whose k-th object 
is 5^"'^^^'*i'*(T(STop(A;))), so that |W| = Y. We begin by showing that 
the monad P of Definition 116.21 acts on the pair (W, RsTop)- 

Let us define a Z-graded category B as follows. The objects of B are 
pairs 

{g:A-^T{STop{k)),o), 
where both n and k are allowed to vary and o is an orientation of A"; 
the grading is given by d{g, o) = dim( A") — k. The morphisms are 
commutative diagrams 

A"^UT(STop(fc)) 



A"'^-T(STop(fc)) 

in which is a composite of coface maps and permutations of the factors 
and a is a permutation; we require to be orientation preserving if the 
dimensions are equal. i3 is a symmetric monoidal Z-graded category 
with product D, where 

{g, o) D {g, o) 
is the pair consisting of the composite 

A" X A"' ^ T(STop(A;)) x T(STop(A;')) -> T(STop(A; + k')) 
and the orientation o x o'. The symmetry isomorphism 7 is 

A" X A"' ^^ r(STop(A;)) x T(STop(fc')) T(STop(A; + k')) 



A"' X A" ^^ r(STop(A;')) x T(STop(A;)) T(STop(A;' + k)) 

where and a are the evident permutations. 

In the construction of Definition 114.41 if we replace Ae,*,i by B, Af^y 
by v4sTop, Kl by D and Sigj.^! by Inv we obtain a functor 

dm: Aix ■■■ X Aj -^ Axop, 

for each datum d, where Ai denotes B if r{i) = u and ^sTop if f{i) = v. 
Next we have the analogue of Definition 115.51 

Definition A. 4. Let ki, . . . ,kj be non-negative integers and let n^ be 
a fcj-fold multi-index for 1 < i < j. Let r : {1, . . . , j} — )■ {u, v}, and for 
1 < "^ < J let Zj denote W if r{i) = u and RsTop if '"(O = v. Then for 
each map of preorders 

a: f/(A"^ X ■■• X A"^) ^ Pr,v 
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we define 

a* ■ ((Zl)fcjni X ■■■ X ((Zj)fcjnj -^ i(RsTop)ki + -+kj){ni,...,nj) 

by 
a*(zi, . . . ,Zj){ai X ■ ■■ X aj,oi x • • • x Oj) 

= f^'^^a(cri X ■■■ X crj)B(2:i(cri,Oi),...,2:j(aj,Oj)), 

where 

• ii r{i) = u then 2;i(cri,0j)) denotes {zi\ai,Oi), and 

• C is the block permutation that takes blocks bi, . . . , bj, Ci, 
. . . , Cj oi size ki, . . . , fcj, dim cxi, . . . , dim ctj into the order bi, 

Ci, . . . , Dj, Cj. 

As in Section [121 this definition leads to a map 

(A.3) P2(W,RsTop)^RsTop. 

Since W is a commutative multisemisimplicial symmetric ring spec- 
trum, we have a map 

(A.4) Pi(W) % y W^VSj -^ W, 

i>o 

where Si is given in Definition 117. l( ii) . 

The maps (JA.SP and (1A.4P give the required action of P on 



(W, RsTop)- Now the proof of Theorem 11.31 (given in Section [T7]) gives 
a map of commutative symmetric ring spectra 

|5.(P;,P,(W,RsTop))| ^ |5.(P'2,P,(W,RsTop))| 

which is a weak equivalence by Lemma lA.ll As in Remark 117.31 there 
is a weak equivalence of commutative symmetric ring spectra 

(MsTop)^"'"'" ^ \B.iF'„F, (W,RsTop))|. 

To complete the proof, we observe that there is a weak equivalence of 
commutative symmetric ring spectra 

|5.(p;,p,(w,RsTop))| = |5.(p;,Pi,w)| ^ |fi.(p;,p;,w)| ^ |w| = y, 

where the first arrow is a weak equivalence by Proposition II 7.2( iii) and 
the second by |May72 , Proposition 9.8 and Corollary 11.9]. 
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